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The Size of Infinity and Cantor's Diagonalization Argument 

Georg Cantor is best known for his research on the size of infinity and he has a subset of numbers named after him, the Cantor Set.  His revolutionary ideas were not accepted until after his death, although he did have a few colleagues that supported his work.  It is unfortunate that other mathematicians maliciously attacked him and his work, since his ideas form the basis of much of modern mathematics, including calculus. 

Cantor said that there were more real numbers than natural numbers.  Since they are both infinite sets, this means that there are different sizes to infinity.

Cantor's Diagonal Argument:  To show that the real numbers have more numbers than the natural numbers, assume for contradiction that the real numbers between 0 and 1 have the same number of numbers as the natural numbers.  Then we could count them.  Hence we could create an ordered list of real numbers - a first real number, a second one, and so on (r1, r2, r3, r4, r5, ...).  Represent the numbers in the list using their decimal expansions, and in the case of numbers with two decimal expansions, like 0.499 ... = 0.500 ..., we chose the one ending in nines.

      r1 = 0 . a11  a12 a13 a14 ... 

      r2 = 0 . a21  a22 a23 a24 ... 

      r3 = 0 . a31  a32 a33 a34 ... 

      r4 = 0 . a41  a42 a43 a44 ... 

      r5 = 0 . a51  a52 a53 a54 ... 

...

We now create a number that is not on this abstract list (where the decimal expansions are represented by abstract letters) using the dodgeball strategy.  Since our list "missed" this real number, we have shown that we cannot count the real numbers in the same way we count the natural numbers, and that there must be more real numbers than natural numbers.
1)  Define the natural numbers:

2)  Define the real numbers:

3) Find a partner and play the beginning of a game of infinite dodgeball, with numbers instead of letters, and different than the one Dr. Sarah put on the blackboard. 

4) Produce an abstract number (represented by variables) that is missing from the abstract list in Cantor's proof.

5) Explain why modern mathematicians do not consider the game in number 3) a proof, but do generally accept Cantor's proof as rigorous.

Constructive Proofs:

Although certain individuals — most notably Kronecker — had expressed disapproval of the “idealistic”, nonconstructive methods used by some of their nineteenth century contemporaries, it is in the polemical writings of L.E.J. Brouwer (1881-1966), beginning with his Amsterdam doctoral thesis (Brouwer 1907) and continuing over the next forty-seven years, that the foundations of a precise, systematic approach to constructive mathematics were laid. In Brouwer's philosophy, known as intuitionism, mathematics is a free creation of the human mind, and an object exists if and only if it can be (mentally) constructed.




http://plato.stanford.edu/entries/mathematics-constructive/

 6) Explain in what way Cantor's proof is not considered constructive. 

