—

1.4 Matrix Equation AX = b

X1 + 2Xo + X3 =3
View 1: 3X1 +6Xo—x3 =4
system 5x1 +10x2 +x3 =10
ggigua- Goal: find all simultaneous solutions
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1.4 Matrix Equation AX = b

X1+ 2Xo + X3 =3
View 1: 3X1 +6Xo—x3 =4
system 5x1 +10x2 +x3 =10
of equa- L . :
tions Goal: find all simultaneous solutions
1 2 1 3
_ Xt |3 +x (6| +x|-1| =14
View 2: 5 10 1 10
ector Goal: fi : :
equation oal: find all xy,x, and x3 that satisfy this

equation.
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1.4 Matrix Equation AX = b

X1 + 2Xo + X3 =3
View 1: 3X1 +6Xo—x3 =4
system 5x1 +10x2 +x3 =10
;Ji:)(:gua Goal: find all simultaneous solutions
1 2 1 3
Xq 3| + Xo 6| + X3 -1l =14
vector , . .
equation Goal:. find all x1,xo, and x3 that satisfy this
equation.
View 3:
matrix- AX =b
vector Goal: Find all vectors X that satisfy this equation.
equation

1.4 Math 2240: Introduction to Linear Algebra



Matrix-Vector Products

If Ais an m x n matrix, with columns &, &, ..., a, and if
X is in R", then the product of A and X, denoted by AX,
is the linear combination of the columns of A using the
corresponding entries in x as weights. That is,

X1

e = -1 | X2 - = -

Ax:[a1 ag---an] : = X141 + Xedz + - -+ + Xpan
Xn

3 (9] [57H4-3)

-3| [5] _& 4|8 |52 +4(-9)

6| [4] = 6|~ |5-9+4(-6)

2 2 5(—-3)+4-2
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Multiple Representations

Xy +5x —3x3 —4x4, =0
—Xy —4X2 + X3+ 3x4 = 1
—2X1 —TXo+Xx4 =0
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Multiple Representations

. Xq Xo X3 X4 =
Xy +5x —3x3 —4x4, =0 { 1 5 _3 _4 0]

—X1 —4Xo + X3+ 3x4 =1 1 -4 1 3|1
—2X1 —TXo+Xx4 =0 -2 -7 0 110
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Multiple Representations

X X X X4 =

Xy +5x —3x3 —4x4, =0 - 11 ; 733 7440
—X1 —4Xo + X3+ 3x4 =1 1 -4 1 3|1
—2X1 —TXo+Xx4 =0 | -2 -7 0 110

e R BE R
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Multiple Representations

X X: X4 =

Xy +5x2 —3x3 —4x4 =0 - )1(1 ; 733 ,44 0
—X1 —4Xo + X3+ 3x4 =1 1 -4 1 3|1
—2X1 —TXo+Xx4 =0 | -2 -7 0 110

1 5 [—3] —4 0
Xt |=1]+X% -4 +x3| 1 |+Xx| 3| = |1
2 7 0| 1 0

1 5 -3 4 i‘ 0
-1 -4 1 3 X2 = [1
-2 -7 0 1 3 0

A ——
X
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Which Matrix-Vector Product is Impossible?

5 1 -8 4|1
b) [—2 ~7 3 —5]

2 5 371
c) |-1 6 10| |0
4 2 0|8

d) none as all are possible
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Identity Matrix

A _ _
x|b|= +b| MH|c| =
e

https://eli.thegreenplace.net/2015/

visualizing-matrix-multiplication-as—a-linear-combination/

1 0 0] (3
0 1 0] |2
0 0 1] |4

Linear Algebra


https://eli.thegreenplace.net/2015/visualizing-matrix-multiplication-as-a-linear-combination/
https://eli.thegreenplace.net/2015/visualizing-matrix-multiplication-as-a-linear-combination/

Identity Matrix

A _ _
X = +b| MH|c| =

https://eli.thegreenplace.net/2015/

visualizing-matrix-multiplication-as—a-linear-combination/

Boils
8ol -k

I is the n x n identity matrix—multiplicative identity
1’s on the diagonal and 0’s everywhere else
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Coffee Mixing Representations
The shop has 36 Ibs of Brazil

House ‘ Deluxe roast, 26 lbs of Columbia roast,

Brazil 30% 40%
. 20 Ibs of Kenya roast, and 18 Ibs
o, o, ’
Egrl:;r:b'a 28; 28; of Sumatra roast in stock. Can

they use up all their coffee mak-

Sumatra 30% 10% ing these two blends?

(36 3/10 4/10

—»7 26 . _'7 2/10 _,7 3/10 n

1. Isb= 50| N the span of h = 2/10 and d = 2/10|
118 3/10 /10

2. Is b a linear combination of h and d?
3. Can we find scalars ¢; and ¢, such that ¢y h+ 025’ — b?

1.4 Math 2240: Introduction to Linear Algebra



Coffee Mixing Representations
The shop has 36 Ibs of Brazil

House ‘ Deluxe roast, 26 lbs of Columbia roast,

1 o, o,
gflflrlnbia ggof ‘3180;0 20 lbs of Kenya roast, and 18 lbs
b ° of Sumatra roast in stock. Can

Kenya 20% 20%

they use up all their coffee mak-

Sumatra 30% 10% ing these two blends?

(36 3/10 4/10

—»7 26 . _'7 2/10 _,7 3/10 n

1. Isb= 50| N the span of h = 2/10 and d = 2/10|
118 3/10 /10

2. Is b a linear combination of h and d?
3. Can we find scalars ¢; and ¢, such that ¢y h+ 025’ — b?

4. s the matrix equation [h d] [01} = b consistent?
—— |C2

A =~
X

1.4 Math 2240: Introduction to Linear Algebra



Coffee Mixing Representations 1—4

4. 1s the matrix equation [ d] [01] — b consistent?
—— |C2
A \;—/
X
) Cq Co =
3/10  4/10| 36 1 040
2/10 38/10| 26 prEF | 0 1|60
2/10 2/10| 20 0 0l O
3/10 1/10 | 18
/10 - 1/10 | 2 0 0|0
L A d b ]

¢y =40 and ¢, = 60

Yes, we can use up all of the coffee by making 40 pounds of
house blend and 60 pounds of deluxe blend.
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Coffee Mixing Representations 1-4
36 3/10 4/10

» 126 . 7 |20 5 |%/10] 4
1. Isb= oo | N the span of h = 2/10 and d = 2/10| Yes
18 3/10 /10

2. Is b a linear combination of hand d? Yes
3. Can we find scalars ¢; and ¢, such that ¢y h+ 025' —b? Yes

4. s the matrix equation [h d] [ﬂ = b consistent? ' Yes
2

ouS €
o e o
%, Gy (OO FLT
& ayg..: SO T
1=K0% San o TS o
2% & CmpS, <
e U8 Qlioy,. .=
o ) 0‘0‘_
s
L

1.4 Math 2240: Introduction to Linear Algebra



Coffee Mixing Representations for a Generic Vector

Would we be able to use up any distribution of coffee making
just these two blends?

3/10 4/10
. P s
1. Is every bin R* in the span of h = 2?12 and d = 2?13 ?
3/10 1/10

2. Is every b in R* a linear combination of hand d ?
3. Does ¢ih + cod = b have a solution for all b in R4?

el ke o . nl
4. Is [hd] [01] = b consistent for every b in R*?
2
No



Coffee Mixing Representations for a Generic Vector

[3/10 4/10]] r

2/10 3/10 c

/10 2/10 [01} _ | K

3/10 /10| L€ s

~ —~

L h d | b
3/10 4/10| r 3/10  2/s r
2/10 3/10| C ‘GaussianEiminaion, 0 1/30 c—2r/3
/10 2/10 | k 0 0| k—2rt2c
3/10 /10| s 0 0 0

We only use up all the stock when k —2r +2¢c =0, i.e.
—2r + 2c¢ + k + 0s = 0 equation b in the span satisfy
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Connections Theorem (Part 1)

Let A be an m x n matrix. Then the following statements
are logically equivalent. That is, for a particular A, either
they are all true or they are all false.

1. (matrix equation version) For each bin R™, the
equation AX = b has a solution.

2. (linear combination version) Each bin R™ is a linear
combination of the columns of A.

3. (span version) The columns of A span R,
4. (systems version) A has a pivot position in every row.
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Examples for the Connections Theorem

o Leta=|¢ ¢ 9

0 0 1

(a) Does AX = b have a solution for each b € R2?

(b) Is every vector b in R2 a linear combination of the columns
of A?

(c) Do the columns of A span R??
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Examples for the Connections Theorem

0 0 1

(a) Does AX = b have a solution for each b € R2?
(b) Is every vector b in R? a linear combination of the columns

0 LetA= [1 1 0}

of A?
(c) Do the columns of A span R??
110
@ LetD= [O 0 0]

(a) Does DX = b have a solution for each b in R2?
(b) Do the columns of D span R??
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In or Out of the Plane?

1 0 1
Isw= |3]| inthespanofi= [1|andV=| 0 |?
2 2 -5

Linear Algebra and Its Applications by David Lay, Steven Lay, and Judi J. McDonald
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Multiple Representations

1 0 1
Is w = {3] in the span of 4 = {1] and v = {0]?

2 2 -5

1. linear combinations
2. avector equation

3. a matrix-vector product

4. an augmented matrix for a system of equations
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Multiple Representations

1 0 1
Isw= [3]| inthespanof i= [1|andVv=| 0 |?
2 2 -5

1. linear combinations

Is w a linear combination of U and v?
2. avector equation

3. a matrix-vector product

4. an augmented matrix for a system of equations
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Multiple Representations

1 0 1
Isw= [3]| inthespanof i= [1|andVv=| 0 |?
2 2 -5

1. linear combinations

Is w a linear combination of & and v?
2. avector equation

Does ¢yl + ¢V = w have a solution for ¢, cx?
3. a matrix-vector product

4. an augmented matrix for a system of equations
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Multiple Representations

1 0 1
Isw= [3]| inthespanof i= [1|andVv=| 0 |?
2 2 -5

1. linear combinations

Is w a linear combination of & and v?
2. avector equation

Does ¢yl + ¢V = w have a solution for ¢, cx?
3. a matrix-vector product

_ _[c _ .
Is [ V] Lf} = W consistent?
2

4. an augmented matrix for a system of equations

1.4 Math 2240: Introduction to Linear Algebra



Multiple Representations

1 0 1
Isw= [3]| inthespanof i= [1|andVv=| 0 |?
2 2 -5

1. linear combinations

Is w a linear combination of & and v?
2. avector equation

Does ¢yl + ¢V = w have a solution for ¢, cx?
3. a matrix-vector product

Is [ V] {gﬂ = W consistent?

4. an augmented matrix for a system of equations
Is [d V|w] consistent?
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Back to: In or Out of the Plane?

1 0 1
Isw= [3]| inthespanofi= [1|andVv=| 0 |?
2 2 -5

Is the system with augmented matrix [U V|w] consistent?

0 111
|: 1 0 3] GaussianElimination

2 -5|2
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Back to: In or Out of the Plane?

1 0 1
Isw= [3]| inthespanofi= [1|andVv=| 0 |?
2 2 -5

Is the system with augmented matrix [U V|w] consistent?

0 11 o 1 0| 3
1 0 3 GaussianElimination 0 1 1
2 5|2 0 0|1

0 = non — zero problem <> No solution/inconsistent
< w is not in the span of 4 and v
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Dot Product View of Matrix-Vector Products

The dot product of two vectors in R" is defined as

34

S Y2
X-y=[xi x2 =+ Xo]- || =Xty +xeyet o+ XnYn

Yn

4
: H = (1)(4) + (2)(5) + (3)(6) = 32
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The row-vector definition for AX has the i entry in the product
as the dot product of the i row of A with X
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The row-vector definition for AX has the i entry in the product
as the dot product of the i row of A with X

- —
12 3. |7

_11_

1 1 S
4 5 6 71 = |/[4 5 6|7
11 11

- -
- |

-11-
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The row-vector definition for AX has the i entry in the product
as the dot product of the i row of A with X

. —
N2 3 .|7
_11_
1 1 F 1
456[7]:[456]-7
11 _11_
L
ey |7
L 11'_
[ 1)+(2)(7)+(8)(11) 48
= 1)+(5)(7)+(6)(11) _[105]
(@)(1)+(8)(7)+@)(11)] L162
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The row-vector rule for computing AX says that to get the /™
entry in the product AX you take the dot product of the i row
of A with X

1
12 8- |7
..11_
1 1 P
4 5 6 [7] = |4 5 6]-|7
11 _11_
L
ey |-
L -11-_
[(1)(1)+(2)(7)+(8)(11)
_ () () +(B)(7)+(8)(11)
(1) +(8)(7)+(j@)(11)
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Matrix-Vector Product in 2 ways

4
Find 103 —1| in two different ways.
0 57 5
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Matrix-Vector Product in 2 ways

4
Find 103 —1| in two different ways.
0 57 5

linear combinations

s8] - eyl [2

dot products [ [ 47
4 1 0 3]-|-1
[1 0 3] 1] = L2 ] _ (1)(4)+(0)(—1)+(3)(2)]
05 711, 4 1(0)(4) + (3)(=1) + (7)(2)
[0 5 7] |1
_2_
~[10
N 1 9
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Linear Combinations vs Dot Product

Popular professional algorithms for matrix computations use
the programing language Fortran. Fortran stores matrices as a
set of columns. The programing language C stores matrices as
a collection of rows. Which would be most efficient?
a) Fortran would use the linear combinations while C would
use the dot-products.
b) Fortran would use the dot-products while C would use the
linear combinations.
c) both languages would use linear combinations.

d) both languages would use the dot products.
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Addition and Scalar Multiplication

If Amxn, X and y are vectors in R”, and c is real, then:
1. A(X+y)=AX+ Ay
2. A(cX) = c(AX)

Scataq MulHpliadion

AleR)
tl(“Y) |

Preserves addition Preserves scalar multiplication
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The Simpsons™and © Twentieth Century Fox Film Corporation.
This educational talk and related content is not specifically authorized by Fox.
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Linear algebra is often one of the first classes students see that
is not procedural. It is full of new mathematical language,
abstract and spatial thinking, algebraic arguments, visual
arguments, real-life numerical applications, and other analyses
that students must internalize in order to succeed. It is also a
class where a computer algebra software system is required.
Students who did well in earlier classes through short term
memorization often strugdgle in linear algebra.

Christine Andrews-Larson, Jason Siefken, and Rahul Simha (2022). “Report on a US-Canadian Faculty Survey on
Undergraduate Linear Algebra: Could Linear Algebra Be an Alternate First Collegiate Math Course?” Notices of the

American Mathematical Society 69(5) p. 809.
The Science of

Successful Learning

Embrace

STEP
difficulties 1
The more ired to
retrieve, t ming

takes plac

Avoid illusions
of knowing
vy

265 O

Space it out,
Al Soes mix it up
Make it Stick: The Science of Successful Learning by Peter C Brown, Henry L. Roediger-lil, and Mark A.-McDaniel
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ri=—7r+nr

3 0 ry=—4r+r;
6 0| —
9 s
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o

:| ry=—4r+r;
-

o

rf=—=7r+r

3
6
9

o o1 N
o

1 2 3| x4 0 1

4 5 6| |x| =10 4

7 8 9| [x3 0 7
1

2 3 0
4.1+4 —4.215 —4.3+6 —4.0+0| =
~7-147 -7-24+8 —-7-3+9 —7-0+40
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o

:| ry=—4r+r;
-

o

rf=—=7r+r

o o1 N

3
6
9

o

1 2 3| x4 0 1

4 5 6| |x| =10 4

7 8 9| [x3 0 7
1

2 3 0
4.1+4 —4.215 —4.3+6 —4.0+0| =
~7-147 -7-24+8 —-7-3+9 —7-0+40

1 2 3 0
0 -3 -6 0
0 -6 —-12 0
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o

:| ry=—4r+r;
-

o

rf=—=7r+r

o o1 N

3
6
9

o

1 2 3| x4 0 1

4 5 6| |x| =10 4

7 8 9| [x3 0 7
1

2 3 0
4.1+4 —4.215 —4.3+6 —4.0+0| =
~7-147 -7-24+8 —-7-3+9 —7-0+40

12 3 0 ., [t 2 3 0
0 -8 -6 0ol =—""10 -3 -6 -0

0 -6 —-12 0 0O 0 0 O
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o

o o1 N
o

3
6
9 rf=—=7r+r

ry=—4r+r;
-
0

1 2 3] [x 0 1
AR E
7 8 9| |x 0 7
1 2 3 0
4.1+4 —4.215 —4.3+6 4-o+o]
~71+7 -7-2+8 -7-3+9 -7-0+0

1 2 3 0] , i 2 3 0
rz=—2r+rn
o 8 -6 0f| —— |0 -3 -6 -0
[O -6 -12 0] L 0 O O]
consistent—yes! x3 has no pivot so parameter t. Backsubtitute
variables attached to pivots in terms of parameters:

row 2: —3x> —6x3 =050 —3xo — 6t =0, i.e. xo = -2t
row 1: x; +2x2 +3x3 =0so x; +2(—2t) +3(t) =0, i.e.

Xy =—2(-2t)—-3t=t

1 2 3 0
ci |4| +¢ |5 +¢3 [6| = |0 has infinite solutions

7 8 9 0
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The Science of
Successful Learning

Embrace STEP
difficulties 01

The more effort required to
retrieve, the more learning
takes place.
EEEENEEEEEEEN

Avoid illusions

STEP of knowing
Familiarity is not mastery.

02 We are drawn to immediate,
short term gains, not slower,

effortful, long term retention.
EEEEEEEENEEEEENI

EEERR

To learn, retrieve STEP

Periodic practice and testing
strengthens retrieval routes.
Test yourself rather than
constantly re-reading notes.
EEEEEEEEEEEEN]

Space it out,

ey mix it up

Image Credit: Phll B https //educationcogitation.com/tag/science/
Make It Stick: The Science of Successful Learning by Brown and McDaniel

to Linear Algeb
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