1.7 Linear Independence

Image Credit: Vicky Klima

@ W isin some sense extra: w = 20 + V

@ Informally, a set of vectors is linearly independent if it
contains only independent directions with no redundancy

@ 0 can't go anywhere but stay at the origin
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Geometric Perspectives for Linearly Independent

@ for a line only need 1 independent direction to span
@ for a plane only need 2 independent directions to span
@ for a volume only need 3 independent directions to span
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Is {u,v,w} linearly independent?

linear combination
of others?

Is U redundant? U=cyV+cow

Is vV redundant? V=ocild+cw

Is w redundant? W = ¢yl + coV
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Is {u,v,w} linearly independent?

linear combination | homogeneous system
of others?
Is 4 redundant? U=cCyV+ cow 0=—-1U+c1V+oow
Is vV redundant V=cii+ cow O=cii—1V+cow
Is w redundant? W=cil+ coV O=cid+cVv—1w

Can we find a non-trivial solution to ¢ii + ¢,V + c3Ww = 07? If so,
not linearly independent—linearly dependent!
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Linear Independent Definition

{V4, Vo, ..., Vp} is linearly independent if
C1Vy + CoVb + --- + cpV, = 0 has only the trivial solution

Cq 0
Co 0 .

.| = |.]| forthe weights.
Cn 0

—_—
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LINEAR DEPENDENCE
The Manga Guide to Linear Algebra by Iroha Inoue and Shin Takahashi
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My Favorite Example: Setup

1 4 7
Is the set 2|,15(,18
3 6 9

} linearly independent?
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My Favorite Example: Setup

1 4 7
Is the set 2|,15(,18
3 6 9

Is the only way to write 0 as a linear combination of these
vectors the trivial one (all weights 0) ?

==

} linearly independent?
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My Favorite Example: Setup

1 4 7
Is the set 2|,15(,18
3 6 9

Is the only way to write 0 as a linear combination of these
vectors the trivial one (all weights 0) ?

o[ =]

Does the homogeneous system have only the trivial solution?

1 4 7] [ei] [0
2 5 8| |c| = |0
36 9| |cs) |0
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My Favorite Example: Algebraically

1 4 7] [er] O
2 5 8| |c|=|0
36 9| |cs) |0

C3 C1 C C3

7 0 Gaussian [ 1 4 7 0
8 0 0 -3 60
9 0

| 0 0 0O

A
oS

1
wWnN —
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My Favorite Example: Algebraically

1 4 7| |¢ 0
2 5 8| || =10
3 6 9] |c3 0

Ci C C3 C1 Cc GC3
1 47 0 Gaussian 1 4 7 0 ]
2 580 0 -3 -6 0

{ 36 90 ] { 0 0 00

@ The set of vectors is not linearly independent.

@ consistent and missing a pivot for c3 so free parameter ¢
row 2: —3c, —6¢c3 =0s0 c, = —2t

row1: ¢y +4co+7c3=0s0ci = —4(-2t)-7(t) =t

Bt
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Is the only way to write 0 as a linear combination of these vectors the
trivial one (all weights 0) ?

m ] m -

Does the homogeneous system below have only the trivial solution?

No
|
3 5 77/ 0 S sl
3 —2 —1| |lea| = |o| | Solution set : C:, e
6 1 4] | 0 f a real number
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Is the only way to write 0 as a linear combination of these vectors the
trivial one (all weights 0) ?

m ] m -

Does the homogeneous system below have only the trivial solution?

No
:
3 5 77/ 0 S sl
3 —2 —1| |lea| = |o| | Solution set : o e
6 1 -4| | 0 >

t a real number

1 4 7 0
Whent=1: [1 |2| +/-2 5| + 1 8] = [0 .
3 6 9 0 Linear

< Dependance
1 . ! 0 Relati
Whent=15: 15 (2] + -8 |5| + 15 |8 = |0 elations
3 6 9 0

1.7 Math 2240: Introduction to Linear Algebra



My Favorite Example: Geometrically

17 4] [7
Is the set 2|,15(,18
3 6 9

A set of vectors are linearly independent if they provide
independent directions, i.e. for 3 vectors a volume.
Maple!

} linearly independent?
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My Favorite Example: Geometrically

17 4] [7
Is the set 2|,15(,18
3 6 9

A set of vectors are linearly independent if they provide
independent directions, i.e. for 3 vectors a volume.
Maple!

all 3 in a plane, but only need 2 vectors to efficiently span a
plane without redundancy

} linearly independent?

<y
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Which h make the columns of A .i.?

1 -2 1 -
0 2 -8 6
A=15 0o -5 o0
7 -4 -3 h
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Which h make the columns of A .i.?

1 -2 1 -1
A_|0 2 -8 6

5 0 -5 0
7 -4 -8 h
Vector equation: which h have only the trivial solution?
1 -2 1] -1 0
e 1% e |2+ | 84|20
Y15 "o S5l "™ o | |0
7 —4 -3 h 0

Matrix equation: which h have a unique solution?

1 -2 1 -1 [e 0
0 2 -8 6| || |0
5 0 -5 0] |cs| |0
7 -4 -3 h|l|la 0
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Li. by inspection and as many l.i. columns as possible

1 4 3 1 10 9
(a) How do we know, by inspection, that the columns of A are
not linearly independent?

0 0 6 6 19 11
Consider A= |3 12 9 3 26 31].
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Li. by inspection and as many l.i. columns as possible

1 4 3 1 10 9
(a) How do we know, by inspection, that the columns of A are
not linearly independent?
(b) give an example of a linearly independent set containing as
many of the columns of A as possible.

0 0 6 6 19 11
Consider A= |3 12 9 3 26 31].

1.7 Math 2240: Introduction to Linear Algebra



Li. by inspection and as many l.i. columns as possible

1 4 3 1 10 9
(a) How do we know, by inspection, that the columns of A are
not linearly independent?
(b) give an example of a linearly independent set containing as
many of the columns of A as possible.

0 0 6 6 19 11
Consider A= |3 12 9 3 26 31].

0O 0 6 6 19 11 1 4 0 -2 0 4
3 12 9 3 26 31 ReducedRowEchelonForm O O 1 1 0 5
i 4 3 1 10 9 o o0 o o 1 -1

1.7 Math 2240: Introduction to Linear Algebra



Li. by inspection and as many l.i. columns as possible

0O 0 6 6 19 11
Consider A = [3 12 9 3 26 31] .

1 4 3 1 10 9
(a) How do we know, by inspection, that the columns of A are
not linearly independent?
(b) give an example of a linearly independent set containing as
many of the columns of A as possible.

0O 0 6 6 19 11 1 4 0 -2 0 4
3 12 9 3 26 31 ReducedRowEchelonForm O O 1 1 0 5
i 4 3 1 10 9 o o0 o o 1 -1

0 6 19
The set S = { [3] , [9] , [26] } is an L.i. set from the columns of A.
1 3 10
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Connections Theorem for Spanning the Entire Space

The following statements are logically equivalent.

a. ¢4V4 + ...+ cpVy = bis always consistent (each b is a linear
combination)

B Cq by
b. | vi ... Vp : | =] : | isalways consistent
L Cn bn
_ b,
Cc. | v .. v, : | reducestoamatrix with a pivot
bn

position in every row in the coefficient matrix
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Connections Theorem for Linear Independence (I.i.)
The following statements are logically equivalent.

a. C1Vs + ... + CaV, = 0 has only the trivial solution

Cq 0
: | = | (i.e. thedef of {wvq,..., vy} Li.)
| Cn 0
i Cq 0 Cq 0
b. | Vi .. Vp : =] :|hasonly | : | =|":
L Cn 0 Cn 0
[ 0
c. | v .. v, : | reducestoamatrix with a pivot position
i 0
in every
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Connections Theorem for Linear Independence (I.i.)
The following statements are logically equivalent.

a. C1Vs + ... + CaV, = 0 has only the trivial solution

Cq 0
: | = | (i.e. thedef of {wvq,..., vy} Li.)
| Cn 0
i Cq 0 Cq 0
b. | Vi .. Vp : =] :|hasonly | : | =|":
L Cn 0 Cn 0
[ 0
c. | v .. v, : | reducestoamatrix with a pivot position
0

in every column except the = column
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Applying the Connection Theorems

3 1 4
Let Aoy = |:1 h 2]

linear independence

(3 1 4 0] f=—1in+n [3 1 4 0
1 h 20 "0 —i+h —f42 0
ER o]
1 2
0o -t+h %0
span
3 1 4 by] ni=-3%n+r. [3 1 4 by
1 h 2 b "o ~14h 2 —lb+b,
geometry
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Applying the Connection Theorems

3 1 4
Let Aoy = |:1 h 2]

linear independence

(3 1 4 0] f=—1in+n [3 1 4 0
1 h 20 "0 —i+h —f42 0
ER o]
1 2
0o -t+h %0
span
3 1 4 by] ni=-3%n+r. [3 1 4 by
1 h 2 b "o ~14h 2 —lb+b,
geometry

not linearly independent as we only need 2 independent
directions to span the entire R? plane
span all of R? as long as they aren’t all on the same line
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Efficiency vs Redundancy

GIMBAL GASE, 6C

OUTER GIMBAL, 06

STABLE MEMBER, SM

Figure 1

! US.Gov't
i
i

https://www.hqg.nasa.gov/alsj/imu-2. jpg
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