Newton and Liebniz on derivatives
Newton (~1671):  Definitions:  “Indeterminate quantities which by continuous motion increase or decrease I call fluents  or  defluents,  and designate them by letters z, y, x, v; their fluxions or speeds of increase I note by punctuating the same letters 
[image: image1.wmf]”  

Newton, Isaac, “A treatise of the reflections, refractions, inflexions and colours of light” 1704.

Newton also argued that the fluent had a max/min where the fluxion equaled 0.

Example:  Suppose you had the equation  
[image: image2.wmf].  Suppose that x  increases at a rate of 
[image: image3.wmf]  over a period of time o  during which time y  increases at a rate 
[image: image4.wmf].  Thus, in time o,  x  becomes 
[image: image5.wmf]  and y  becomes 
[image: image6.wmf].  Make these substitutions into the original equation and expand out the binomials and trinomials.

Now use the original equation to eliminate some of the terms. 

Since o  was infinitely small, you can ignore any term with an 
[image: image7.wmf] in it.  Substitute  
[image: image8.wmf] in the terms that remain and write down the equation that is left:

Note:  Newton didn’t solve for the derivative as we know it, rather found an equation that related the fluxions.

Newton also described a simple procedure for computing fluxions that was less formal than the above, but easier.  Assume we have the same equation 
[image: image9.wmf].

First,  order the terms of the equation in decreasing powers of x.  Then multiply the terms by the sequence 3,2,1,0 (since there are 4 terms, change the sequence according to how many terms there are) and multiply each term by  
[image: image10.wmf].    Second, repeat the process for each of the other variables.  Finally, add up all the terms and set equal to 0.

For our equation, the x  terms are  
[image: image11.wmf] so multiply the terms by 
[image: image12.wmf], then each one by 
[image: image13.wmf].  After simplifying, the terms become  
[image: image14.wmf].  Next, sort the y  terms to get 
[image: image15.wmf].  Now, multiply the terms by 3,2,1,0 and each term by 
[image: image16.wmf].  After simplifying, the terms become  
[image: image17.wmf].  Now set the sum the terms to 0.  What equation remains?

Make sure this is the same equation from before.

 Leibniz (~1677):  Rules for determining tangent lines for certain classes of curves had been discovered; but Leibniz developed many general rules for computing derivatives.  He also developed the notation dy  for the infinitesimal change in y  and 
[image: image18.wmf] for the derivative.

Product Rule:  If x  and y  are variables and dx  and dy  are infinitesimal changes in x  and y  respectively, then the change in the product of x  and y  is


[image: image19.wmf]
Expand the above expression and discard any term with a product dxdy.  This gives the product rule.  

Quotient rule, which is 
[image: image20.wmf], first let x=zy  then use the product rule.  What do you get?


[image: image21.wmf]
Now, solve for dz.

Now, substitute for z  and multiply and divide by y  to clear the fractions.

Write down the final quotient rule:


[image: image22.wmf]
Exercises: 

1.  Derive the quotient rule using infinitesimals.

Hint:  
[image: image23.wmf].   “Rationalize” the denominator of the left term.

2.  Prove  
[image: image24.wmf]  using Leibniz’s product rule (Note:  One can derive the general power rule by inducting on the product rule, but you don’t have to do that).

3.  Use Newton’s “simple procedure” to find the equation relating the fluxions of the equation 
[image: image25.wmf] (you may wish to use implicit differentiation to check your answers):
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