
SpaceTime-Time: General Relativity
M = (0,0,0) and m at ~X (t) = (x(t), y(t), z(t)) with r = |~X |
~F on m?

Mm
r2

~−X
r

= m
d2~X
dt2 so

d2~X
dt2 =

−M~X
r3

Define φ(r) = −M
r as the potential function

Theorem: ∇2φ = 0 where ∇2φ = ∂2φ
dx2 + ∂2φ

dy2 + ∂2φ
dz2 and r 6= 0

Proof: First examine
∂φ

∂x
=
∂φ

∂r
∂r
∂x

∂φ

∂r
=
∂−M

r
∂r

=
M
r2

∂r
∂x

=
∂
√

x2 + y2 + z2

∂x
=

x
r

so
∂φ

∂x
=

Mx
r3

∂2φ

∂x2 =
r3M · 1−Mx · 3r2 · x

r
r6 =

M
r5 (r2 − 3x2) similar for y , z

∇2φ = M
r5 (r2 − 3x2 + r2 − 3y2 + r2 − 3z2) =

M
r5 (3r2 − 3x2 − 3y2 − 3z2) = 0
Corollary:
(d2~x

dt2 ,
d2~y
dt2 ,

d2~z
dt2 ) = d2~X

dt2 = −M~X
r3 = −(Mx

r3 ,
My
r3 ,

Mz
r3 ) = −(∂φ∂x ,

∂φ
∂y ,

∂φ
∂z )
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SpaceTime-Time: General Relativity

We’ve been following the 1916 paper: “The Foundation of the
General Theory of Relativity”

Einstein replaced the corollary with

d2xλ

ds2 = −Γλµν
dxµ

ds
dxν

ds

∂ϕ
∂x i & Γλµν

dxµ

ds similar roles: Field equations relate these
potential functions to the distribution of matter
Field equations written in the Christoffel symbols:

∂Γλµλ
∂xν

−
∂Γλµν
∂xλ

+ ΓβµλΓλνβ − ΓβµνΓλβλ = 0
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Solutions for General Relativity

https://history.aip.org/exhibits/einstein/images/ae65.jpg

2nd order PDE 16 eqs and 16 unknowns
Einstein: “Cosmological Considerations in the General
Theory of Relativity” (1917)
It remains now to determine those components of the
gravitational potential which define the purely spatial-geometrical
relations of our continuum (g11,g12... the curvature of the
required space must be constant...

will be a spherical space.
Schwarzschild metric (1916), de Sitter: R× S3 (1917)
Einstein & Rosen Schwarzschild→ wormhole (1935)
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“Cosmological Considerations in the General Theory of
Relativity” (1917) https://einsteinpapers.press.
princeton.edu/vol6-trans/441
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