
Minkowski SpaceTime Model

Minkowski space, Lorentz geometry, special relativity
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gij =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


ds2 = gabdxadxb ds2 = dt2 − dx2 − dy2 − dz2

where t is time and x , y , z are rectangular coordinates in space.
Show that free particles follow straight line geodesics.

Law of Intertia: dx
dt = a, dy

dt = b, dz
dt = c

(ds
dt )2 = 1− (dx

dt )2 − (dy
dt )2 − (dz

dt )2
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vector is null like or light like if |v | = 0:√√√√√√√[t x y z
] 

1 0 0 0
0 −1 0 0
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0 0 0 −1
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√√√√√√√[t x y z
] 

t
−x
−y
−z


=
√

t2 − x2 − y2 − z2 = 0 so t2 = x2 + y2 + z2

spacetime diagram called light cone: hypercone in R4 projected

stib CC-BY-SA-3.0-migrated-with-disclaimers Wolfgangbeyer CC-BY-SA-2.5

null geodesics: path that a particle without mass travels
time like vT gijv > 0 space like vT gijv < 0
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How do we find the Christoffel symbols?

Elwin Bruno Christoffel and Albert Einstein
http://www.ethbib.ethz.ch/aktuell/galerie/christoffel/Portr_gross.jpg
http://scienceblogs.com/startswithabang/files/2013/07/einstein.jpg

Rewrite ~xuu by taking uth partial of E = ~xu · ~xu
Eu = ~xuu · ~xu + ~xu · ~xuu = 2~xuu · ~xu
~xuu = Γu

uu~xu + Γv
uu~xv + lU, so ~xuu · ~xu = Γu

uu~xu · ~xu = Γu
uuE

Thus Eu
2 = ~xuu · ~xu = Γu

uuE so Γu
uu = Eu

2E
Similarly Γv

uu = − Ev
2G , Γu

uv = Ev
2E , Γv

uv = Gu
2G , Γu

vv = −Gu
2E , Γv

vv = Gv
2G
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Minkowski Christoffel symbols?

gij =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


ds2 = gabdxadxb ds2 = dt2 − dx2 − dy2 − dz2

where t is time and x , y , z are rectangular coordinates in space.
What is gij?

Christoffel symbols

Γa
bc =

1
2

gad (∂bgdc + ∂cgdb − ∂dgbc).

geodesics: ẍa + Γa
bc ẋbẋc = 0
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Space-Time Time
Special relativity with Ralph Alpher, one of the creators of
the big bang.

Riemannian Geometry of Orbifolds PhD

Dr. Sarah Differential Geometry



www.thecrazyhistoryofhistory.com/2012/09/the-theory-of-relativity-for-dummies.html

Why should followers of special relativity not be taken
seriously?

They fail to see the gravity of the situation!
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geodesics
ẍa + Γa

bc ẋbẋc = 0

Lagrangian
I = gabẋaẋb.

geodesic will satisfy the Euler-Lagrange equations

d
ds

(
∂I
∂ẋa )− ∂I

∂xa = 0 for all a.

Once we calculate an equation for each a, we can compare to
the geodesic equation in order to read off the Γa

bc Christoffel
symbols, because both the Euler-Lagrange equation and the
geodesic equation will be expressed in terms of ẍa.
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ds2 = r2dφ2 + r2sin2(φ)dθ2

a) What is x1 for a = 1?

What is x2? What is the matrix gab?
b) Write I = gabẋaẋb = r2φ̇2 + r2 sin2(φ)θ̇2

c) Let a = 1 in the Euler-Lagrange Equation
d
ds

(
∂I
∂ẋa )− ∂I

∂xa = 0 for all a. To get used to Einstein
summation notation, write out the Euler-Lagrange equation

with the a = 1 angle: 0 =
d
ds

(
∂I
∂φ̇

)− ∂I
∂φ

d) Next take the relevant partials and derivatives and simplify.
0 = φ̈− sinφ cosφθ̇2

e) Then write the expansion of the geodesic equation
ẍa + Γa

bc ẋbẋc = 0 using a = 1.
0 = φ̈+ Γ1

11φ̇
2 + Γ1

12φ̇θ̇ + Γ1
21θ̇φ̇+ Γ1

22θ̇
2

f) Compare to find the four Γ1
ab Christoffel symbols?

g) Repeat to find the four Γ2
ab Christoffel symbols?
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bc ẋbẋc = 0 using a = 1.
0 = φ̈+ Γ1

11φ̇
2 + Γ1

12φ̇θ̇ + Γ1
21θ̇φ̇+ Γ1

22θ̇
2

f) Compare to find the four Γ1
ab Christoffel symbols?

g) Repeat to find the four Γ2
ab Christoffel symbols?

Dr. Sarah Differential Geometry



ds2 = r2dφ2 + r2sin2(φ)dθ2

a) What is x1 for a = 1? What is x2? What is the matrix gab?
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bc ẋbẋc = 0 using a = 1.
0 = φ̈+ Γ1

11φ̇
2 + Γ1

12φ̇θ̇ + Γ1
21θ̇φ̇+ Γ1

22θ̇
2

f) Compare to find the four Γ1
ab Christoffel symbols?

g) Repeat to find the four Γ2
ab Christoffel symbols?

Dr. Sarah Differential Geometry



ds2 = r2dφ2 + r2sin2(φ)dθ2

a) What is x1 for a = 1? What is x2? What is the matrix gab?
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