Applications of Curvature and Torsion
In order to make my clock even more exact.... | never
had expected | would discover, | have now hit upon, the
undoubtedly true shape of curves... | determined it by
geometric reasoning. (Christiaan Huygens Dec. 1659)
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T: compute Y E’;‘ & compare it to N (they are multiples of
each other) to find —7 and then 7

@ T'(s)=k&N
N’( )=—-kT +7B
( )=-7N
T'(s) 0 « O]][T
N'(s) 0 7| |N
B'(s) O -7 0] |B
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@ Prove that o(s) with x = 0 is a line
@ Prove that a(s) with 7 = 0 is a planar curve
@ Prove that o(s) planar with x > 0 constant is circular
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To prove that a(s) with k = 0 is a line, assume x = 0. Then
T'(s) =
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Pitt et al.: “Polyphony: superposition independent methods for ensemble-based drug discovery.” BMC Bioinformatics

2014 15:324.

To prove that a(s) with x = 0 is a line, assume ~ = 0. Then
T'(s)=kN=0N=0.
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Pitt et al.: “Polyphony: superposition independent methods for ensemble-based drug discovery.” BMC Bioinformatics

2014 15:324.

To prove that a(s) with x = 0 is aline, assume k = 0. Then

T'(s) = kN =0N = 0. So T(s) = [ T'(s)ds is a constant, call it
V.
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Pitt et al.: “Polyphony: superposition independent methods for ensemble-based drug discovery.” BMC Bioinformatics

2014 15:324.

To prove that a(s) with x = 0 is aline, assume k = 0. Then
T'(s) = nN ON = 0. So T(s) = [ T'(s)ds is a constant, call it
V. Then a(s) = [ T(s)ds = f vds = sV + ¢, which is a line. [
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Pitt et al.: “Polyphony: superposition independent methods for ensemble-based drug discovery.” BMC Bioinformatics

2014 15:324.

To prove that a(s) with 7 = 0 is a planar curve, assume 7 = 0.
Now B’ =
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Pitt et al.: “Polyphony: superposition independent methods for ensemble-based drug discovery.” BMC Bioinformatics

2014 15:324.

To prove that a(s) with 7 = 0 is a planar curve, assume 7 = 0.
Now B' = — 7N = ON = 0. So B is constant. Examine the
plane determined by «(0) and B: ((x,y,z) — «a(0))- B=0. To
show that a(s) is inside of it for all s, consider (a(s) — a(0)) - B.
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Pitt et al.: “Polyphony: superposition independent methods for ensemble-based drug discovery.” BMC Bioinformatics

2014 15:324.

To prove that a(s) with 7 = 0 is a planar curve, assume 7 = 0.
Now B' = — 7N = ON = 0. So B is constant. Examine the
plane determined by «(0) and B: ((x,y,z) — «a(0))- B=0. To
show that a(s) is inside of it for all s, consider (a(s) — a(0)) - B.
Taking the derivative, we see that

-,

(o/(s) — 0) - B+ (a(s) — a(0)) - B = o/(s) - B=T-B
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Pitt et al.: “Polyphony: superposition independent methods for ensemble-based drug discovery.” BMC Bioinformatics

2014 15:324.

To prove that a(s) with 7 = 0 is a planar curve, assume 7 = 0.
Now B' = — 7N = ON = 0. So B is constant. Examine the
plane determined by «(0) and B: ((x,y,z) — «a(0))- B=0. To
show that a(s) is inside of it for all s, consider (a(s) — a(0)) - B.
Taking the derivative, we see that

(a/(s) — 0)- B+ (a(s) —a(0))- B = a/(s)-B=T-B=0.So
(a(8) — «(0)) - Bis a constant. To show the constant is 0, plug
ins=0: (a(0) —a(0))- B=0-B=0. Thus «(s) is in that
plane. [J
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To show k > 0 constant for a plane curve then «a(s) is part of a
circle, assume k > 0 constant for a plane curve. Look at
a(s) + 1N(s)
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To show k > 0 constant for a plane curve then «a(s) is part of a
circle, assume k > 0 constant for a plane curve. Look at
a(s) + 1 N(s) and take the derivative: o/(s) + LN'(s)
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To show k > 0 constant for a plane curve then «a(s) is part of a
circle, assume k > 0 constant for a plane curve. Look at

a(s) + 1 N(s) and take the derivative: o/(s) + LN'(s)

= T(8)+ L (~KT+7B) = T(8)+ L(~xT+0B) = T(s)—T(s) = 0.
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To show k > 0 constant for a plane curve then «a(s) is part of a
circle, assume k > 0 constant for a plane curve. Look at

a(s) + 1 N(s) and take the derivative: o/(s) + LN'(s)

= T(8)+ L (~KT+7B) = T(8)+ L(~xT+0B) = T(s)—T(s) = 0.
The equation of a circle in 3-space is the intersection of
|(x,y,z)— fixed center| = r with a fixed plane.
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To show k > 0 constant for a plane curve then «a(s) is part of a
circle, assume k > 0 constant for a plane curve. Look at

a(s) + 1 N(s) and take the derivative: o/(s) + LN'(s)

= T(8)+ L (~KT+7B) = T(8)+ L(~xT+0B) = T(s)—T(s) = 0.
The equation of a circle in 3-space is the intersection of
|(x,y,z)— fixed center| = r with a fixed plane. Now

la(s) = (a(s) + tN(9))|
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To show k > 0 constant for a plane curve then «a(s) is part of a
circle, assume k > 0 constant for a plane curve. Look at

a(s) + 1 N(s) and take the derivative: o/(s) + LN'(s)

= T(8)+ L (—kT+7B) = T(s)+L(~xT+0B) = T(s)—T(s) = 0.
The equation of a circle in 3-space is the intersection of
|(x,y,z)— fixed center| = r with a fixed plane. Now

la(s) — (a(s) + LN(s))| = |1N(s)| = 1, so a(s) is part of that
circle with fixed center a(s) + 1 N(s)) and fixed radius 1. O
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Darboux Vector w(s): Angular Velocity Vector
rigid body translation and rotation along a nonlinear curve

T'(s) =w(s)xT(s), N'(s)=w(s)xN(s), B(s)=w(s)xB(s)
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Darboux Vector w(s): Angular Velocity Vector
rigid body translation and rotation along a nonlinear curve

T'(s) =w(s)xT(s), N'(s)=w(s)xN(s), B(s)=w(s)xB(s)

Write w = ¢1 T + 2N + ¢3B. To find ¢, notice
kN =T =w(s) x T(s), so
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Darboux Vector w(s): Angular Velocity Vector
rigid body translation and rotation along a nonlinear curve

T'(s) =w(s)xT(s), N'(s)=w(s)xN(s), B(s)=w(s)xB(s)
Write w = ¢1 T + 2N + ¢3B. To find ¢, notice
kN =T =w(s) x T(s),so kN L w. Butthen

OZW'/{N:(C1T—|—02N—|—C3B)'KN
=cT-kN+cN-sN+c3B-skN=cxN-N=cok.
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Darboux Vector w(s): Angular Velocity Vector
rigid body translation and rotation along a nonlinear curve

T'(s) =w(s)xT(s), N'(s)=w(s)xN(s), B(s)=w(s)xB(s)
Write w = ¢1 T + 2N + ¢3B. To find ¢, notice

kN =T =w(s) x T(s),so kN L w. Butthen
OZW'/{N:(C1T—|—02N—|—C3B)'KN
=cT-kN+cN-sN+c3B-skN=cxN-N=cok.
Soco=0andw=c¢;T + c3B.

—kT +7B =
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Darboux Vector w(s): Angular Velocity Vector
rigid body translation and rotation along a nonlinear curve

T'(s) =w(s)xT(s), N'(s)=w(s)xN(s), B(s)=w(s)xB(s)

Write w = ¢1 T + 2N + ¢3B. To find ¢, notice

kN =T =w(s) x T(s),so kN L w. Butthen
OZW'/{N:(C1T—|—02N—|—C3B)'KN
=cT-kN+cN-sN+c3B-skN=cxN-N=cok.
Soco=0andw=c¢;T + c3B.

—kT+7B=N =w(s) x N(s)so —xT + 7B L w. But then
O=w-(—kT+7B)=(c1T +¢c3B)-(—xkT +7B)
=—ke1T-TH+71T-B—ke3B-T+703B-B=—kCy +7C3
ct=7andcz =rkandw(s) =7T + kB
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Darboux Vector w(s): Angular Velocity Vector

w(s)=7T + kB
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