
Proof of Surface Area with 1st Fundamental Form

~xu · ~xv = |~xu||~xv | cos θ
|~xu × ~xv | = |~xu||~xv | sin θ

area of flat ~xu, ~xv parallelogram

sin θ =
√

1− cos2(θ) =

√
1− (

~xu · ~xv

|~xu||~xv |
)2

common denom
=

√
|~xu|2|~xv |2 − (~xu · ~xv )2

|~xu|2|~xv |2

=

√
(~xu · ~xu)(~xv · ~xv )− (~xu · ~xv )2

|~xu|2|~xv |2
=

√
EG − F 2

|~xu|2|~xv |2

So area = |~xu||~xv | sin θ =
√

EG − F 2

Let ∆u,∆v → 0 and add up over the entire surface:∫ ∫ √
EG − F 2dudv
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In our prior activities, for a round torus you should have
calculated:

E = r2 F = 0 and G = (R + r cos u)2

To calculate the surface area of the round donut (mmmm
frosting):

a)
∫ 2π

0

∫ 2π
0 r2(R + r cos u)2 dv du

b)
∫ 2π

0

∫ 2π
0 r(R + r cos u) dv du

c) 4π2rR
d) more than one holds
e) none of the above
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Strake Computations: I, SA, Shape Operator, II, K
x(u, v) = (v cos(u), v sin(u), ku)

a) ~xu =
b) ~xv =
c) gij =
d) set up SA of one turn of the strake, when the inner radius is

1, the outer radius is 1.2, and the height of one turn is 10m.
e) U =
f) S(~xu) = −∇~xu U = −Uu =

Then write it in the basis of ~xu + ~xv
g) S(~xv ) = −∇~xv U = −Uv =

Then write it in the basis of ~xu + ~xv
h) K =
i) l = S(~xu) · ~xu =~xuu ·U =
j) m = S(~xu) · ~xv =~xuv ·U =

k) n = S(~xv ) · ~xv =~xvv ·U =

https://cdn.britannica.com/22/70822-004-B85BF4BD/

strake-strip-dimensions-cylinder-contour-Techniques-differential.jpg
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Cylinder Computations: I, SA, Shape Operator, II, K
x(θ, z) = (r cos θ, r sin θ, z)

a) ~xθ =
b) ~xz =
c) gij =
d) set up the double integral for surface area of a cylinder with

height from z = 0 to h
e) U =
f) S(~xθ) = −∇~xθU = −Uθ =

Then write it in the basis of ~xθ + ~xz
g) S(~xz) = −∇~xz U = −Uz =

Then write it in the basis of ~xθ + ~xz
h) K =
i) l = S(~xθ) · ~xθ =~xθθ ·U =
j) m = S(~xθ) · ~xz =~xθz ·U =

k) n = S(~xz) · ~xz =~xzz ·U =
Dr. Sarah Differential Geometry



SA of Surface Disk on Sphere and Cone

SA of circular disk with center at N pole of intrinsic radius r
in spherical coordinates on a sphere of radius R.

lim δ → 0
∫ v= r

R

v=δ

∫ u=2π

u=0

√
EG − F 2dudv

SA of circular disk of intrinsic radius r with the intrinsic
center at the cone point.

lim δ → 0
∫ v=r

v=δ

∫ u=α

u=0

√
EG − F 2dudv

firstfundformsa.mw

Dr. Sarah Differential Geometry


