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@ Regular surface M = x(u, v), where X, x X, # 0, and u(t)

& v(t) give curve «a(t). Then X, X, form basis for T,M and
o (t) =
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@ Regular surface M = x(u, v), where X, x X, # 0, and u(t)
& v(t) give curve «a(t). Then X, X, form basis for T,M and
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@ Regular surface M = x(u, v), where X, x X, # 0, and u(t)
& v(t) give curve «a(t). Then X, X, form basis for T,M and
a;(t):)@%j”@% cdu gz vy (pdu o d
(%) = 10/ (2 = /(1) /(1) = (%o + X %) (X% + X, %)
=R R (R 2 KB 1, %)
= E(§)? +2F G5 + G(%)? o
ds? = g11(du1 )2 + 29120’U1 au? + g22(dU2)2 = Zi,j g,-,-du’du/
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First Fundamental Form for Plane and Cone
x(u,v) = (u,v,0) compared to x(u, v) = (ucos v, usin v, u)

%dv

(2)2 = E(%)2 +2F% % + G(%)? o
ds? = g11(adu')? + 2gs2du’ du? + goo(duP)? = 37, ; gjdu’du/
plane x, = (1,0,0) and x, = (0,1,0)

Xu-Xu=E=g11=1

Xu-Xy=F=g12=001=0

Xy - Xy = G = goo = 150 ds? = du? + dv?
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First Fundamental Form for Plane and Cone
x(u,v) = (u,v,0) compared to x(u, v) = (ucos v, usin v, u)

%dv

(5)° = ECH2 +2F %% 1 G »
ds? = g11(adu')? + 2gs2du’ du? + goo(duP)? = 37, ; gjdu’du/
plane x, = (1,0,0) and x, = (0,1,0)

Xy-Xy=E=g11=1

Xu-Xy=F=g12=021=0

Xy - Xy = G = goo = 150 ds? = du? + dv?

cone x, = (cos v,sinv, 1) and x, = (—usin v, ucos v, 0)
Xu-Xu=E=g11=2

Xy Xy =F=g12=021=0

Xy - Xy = G = gop = U? 50 ds? = 2du? + u?dv?
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New Plane Isometric to Cone
@ new plane [fUCos( ), stm( ), 0] that is isometric to
the cone [u cos(v), USIn( ), U]
@ longitude and latitude on the new plane
@ first fundamental form of the new plane and cone

@ using secant to write the geodesic between the points
(1,0,1) and (0,1, 1) on the cone (i.e. the point x = 1 and
y=0andthepointx =1,y =73

33
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First Fundamental Form E=x, - X, F=X, - X,, G= X, - X,

. C g1 G2 E F}
Mat tation: g = -
@ Matrix representation: gj [921 922} [F G

@ g; determines dot products of tangent vectors
W1, V_|72 in TpM
{Xu, Xy} is a basis: wy = axy + bxy , Wo = cXy + dXy

—  foil

W1-W2:
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First Fundamental Form E=x, - X, F=X, - X,, G= X, - X,

911 912} _ [E F}

921 G2 F G

@ g; determines dot products of tangent vectors
W1, V_|72 in TpM

@ Matrix representation: g; = [

{Xu, Xy} is a basis: wy = axy + bxy , Wo = cXy + dXy
Wy - W 2 acXy - X, + (ad + be)xy - X, + bdX, - %,
= acE + (ad + bc)F + bdG
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@ g; determines dot products of tangent vectors
W1, V_|72 in TpM

@ Matrix representation: g; = [

{Xu, Xy} is a basis: wy = axy + bxy , Wo = cXy + dXy
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First Fundamental Form E=x, - X, F=X, - X,, G= X, - X,
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@ g; determines dot products of tangent vectors
W1, V_|72 in TpM

@ Matrix representation: g; = [

{Xu, Xy} is a basis: wy = axy + bxy , Wo = cXy + dXy
Wy - W 2 acXy - X, + (ad + be)xy - X, + bdX, - %,
= acE + (ad + bc)F + bdG = a(cE + dF) + b(cF + dG)

_ cE + dF
=[a 9] [CF+ dG}
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First Fundamental Form E=x, - X, F=X, - X,, G= X, - X,

911 912} _ [E F}

921 G2 F G

@ g; determines dot products of tangent vectors
W1, Wg in TpM

@ Matrix representation: g; = [

{Xu, Xy} is a basis: wy = axy + bxy , Wo = cXy + dXy
Wy - Wo = acXy - X, + (ad + be)xy - X, + bdX, - %,
= acE + (ad + bc)F + bdG = a(cE + dF) + b(cF + dG)

_ cE + dF
=[a 9] [CF+ dG}

e

= W1 - Wp = |Wy||Wa|cos
E, F, G play important roles in many intrinsic properties of a
surface like length (%)2, area (det) and angles (above)
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Geodesic Curvature Depends only on the Metric

4
'« (curve’s curvature vector): %

Ko
Kn (normal curvature): projection of &, onto U = (U - 5,)U
g (geodesic curvature): K, - Kp
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Geodesic Curvature Depends only on the Metric

!
(curve’s curvature vector): ‘;—&

Ra
Kn (normal curvature): projection of &, onto U = (U - 5,)U
g (geodesic curvature): K, - Kp

>

/(t)chaln rule w{/ 4 x, v % = XuU' + X,v' or equivalently
o= XUU + XV

Kg when F = 0:
/EG( Gu/3+( %)Ul2vl+(%_%)ulvl2+%vl3+
uv' — U”V)
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Spherical First Fundamental Form
geographical coordinates

X(u,Vv) = (rcosucosV,rsinucosV,rsin V)
Xy = (—rsinucosV,rcosucosV,0)
Xy = (—rcosusinv,—rsinusin Vv, rcosV)
@ Whatis E=X,-X,,F=X,-X,,and G = X, - X,?
@ Interpret F—what does it tell us about the relationship
between X, and X, ?

Dr. Sarah Differential Geometry



Spherical First Fundamental Form
geographical coordinates

X(u,Vv) = (rcosucosV,rsinucosV,rsin V)
Xy = (—rsinucosV,rcosucosV,0)
Xy = (—rcosusinv,—rsinusin Vv, rcosV)
@ Whatis E=X,-X,,F=X,-X,,and G = X, - X,?
@ Interpret F—what does it tell us about the relationship
between X, and X, ?
r’cos’v 0
[ 0 re
ds? = r? cos® vdu? + r?adv?
When r = 1 then ds? = cos? vau? + dv?

dv { \\dssphere
du
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Implications of the Spherical Metric Form
()7 = E()? +2F iy + G(§ .
ds® = g11(du ) +2912du du? -l-gzg(du ) Z,jg,-jdu’du/

2 _ 2 2 2 2 a2
dssphere cos? vau? + dv? < du® + dv@ = dsplane
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Implications of the Spherical Metric Form
(G = E(%)° +2F GG + GG »
ds? = g11(du1) + 2g120u" dU? + gop(dU?)? = 37, ; gjidu’ du/

dsgph cre = = cos? vdu? + dv? < du? + dv? = ds?

Futurama "and © Twentieth Century Fox Film Corporation.This educational content

is not specifically authorized by Twentieth Century Fox.
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Implications of the Metric Form

J—

’ A - iy /
catenoid helicoid saddle Enneper’s surface

catenoid x(u, v) = (cosh ucos v, cosh usin v, u)

helicoid x(u, v) = (sinh ucos v, sinh usin v, v)

saddle x(u, v) = (u, v, u?> — v?)

Enneper’s surface x(u, v) = (u— %3 +uv? v— ‘%3 + P, u? — v?)
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http://virtualmathmuseum.org/Surface/helicoid-catenoid/helicoid-catenoid.mov
http://virtualmathmuseum.org/Surface/helicoid-catenoid/helicoid-catenoid.mov

Implications of the Metric Form

J—

Tl

N

nd

catenoid helicoid saddle Enneper’s surface

catenoid x(u, v) = (cosh ucos v, cosh usin v, u)

helicoid x(u, v) = (sinh ucos v, sinh usin v, v)

saddle x(u, v) = (u, v, u?> — v?)

Enneper’s surface x(u, v) = (u— %3 +uv? v— ‘%3 + P, u? — v?)

http://virtualmathmuseum.org/Surface/
helicoid-catenoid/helicoid-catenoid.mov
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