
These are interactions in some of the interactive videos I created. In the interactive video, the video pauses, asks
a question, and requires a response to proceed. To earn credit we watch the entire video and submit the correct
answers via the green “Submit Answers” button at the very end of the video, the one that shows all the questions
we have answered—we use the check feature on interactive questions in order to help and can redo the responses
until they are correct.

Each video includes directions “to pause regularly to take notes especially on concepts, proofs, Maple, and
other visualizations, and any remaining questions.” Above each video we include resources needed such as Maple
files to explore. The added symbol of ✎ are items specifically directed for notes.
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1 differential geometry of lines and Maple intro interactive video
• In 2-space or 3-space, a straight line can be described by finding its slope or direction and using one of the

points it passes through. Which of the following could represent the line between the points (−3, 2, 5) and
(1,−2, 4)?

• ✎ In your notes, label axes with x out of the board, y to the right and z up, and sketch one of these lines
and their tangent vectors. Also consider how the final coordinate is up, y for 2-space and z for 3-space.

• In differential geometry, which type of acceleration will reveal the geometry?

• ✎ Write this in your notes and consider the reverse direction—how to show that if the acceleration is the
zero vector 0⃗, then we have a constant speed straight line.

• ✎ Sketch a picture in your notes that showcases the latitude and great circle paths on the sphere and label
the great circle that starts pointing upward some (it eventually comes back down to meet the 2nd point) as
shortest.

• Compute the dot product of

⎡⎣12
3

⎤⎦ and

⎡⎣−3
0
1

⎤⎦
• Notice that hypotenuse is |u⃗| and the adjacent side is u⃗ · v⃗

|v⃗| so what is cos(θ)?

• Consider that to plot (1, 2, 3) in our standard orientation, we go out of the board 1, 2 to the right, and 3 up.

• What is the derivative of the dot product of f(x) · g(x)?

• Consider the start of this argument.

• What is the dot product of 2 vectors on the same line?

• ✎ Sketch the picture in your notes and at p = α(a) label the 2 vectors α′(a) and q⃗−p⃗
|q⃗−p⃗| .

• Consider how the dot product definition, distribution, and derivative, derivative of a constant vector, and the
fundamental theorem of calculus came in to rewrite the length of the line as integral α′(t) · q⃗−p⃗

|q⃗−p⃗| and then
obtain the inequality from there.



• If you have access to Maple where you are, open up the .mw file above the video so that you can get used to
these commands and handling the animations and graphs. If not, still continue and you can go back to do
this when you do have Maple access.

• What’s happening here? Why is the program spitting back the commands without executing them?

• What should we do about Maple’s forgetfulness and lack of forgetfulness?

• If you are in the Maple file, after clicking on the graph, test out the play button, the slider button, and moving
the graph itself around too. Otherwise, do this later on.

• Consider why Maple’s output is < 2/3, 2/3, 1/3 > instead of the line’s derivative < 1, 1, 1/2 >.

2 investigating the tractrix interactive video

• ✎ In your notes and here, which of the following related to velocity or acceleration applies to a line?

• Why is the shortest distance path in Euclidean space between two points P and Q the line P + t(Q− P )

• ✎ In your notes and here, which applies to the dot product of two vectors in three space?

• ✎ In your notes and here, which applies to a tangent vector and the velocity vector?

• ✎ Sketch the plots in your notes. On the helix plot, label it as a helix and label the tangent and velocity
vectors to clarify that the velocity vector is longer. On the tractrix plot, label it as so and put T for unit
tangent next to one of the vectors.

• ✎ In your notes and here, which of the following are true regarding arc length?

• ✎ In your notes, compute the derivative of the tractrix curve (cos(θ) + ln(tan( θ
2
)), sin(θ))

• ✎ In your notes, work out the trigonometric and algebraic reduction details on paper that I just described.

• ✎ In your notes, compute the magnitude.

• ✎ What does this further reduce to? Write the details of the computation and cancellation in your notes.

• ✎ Write the rest of the computation in your notes.

• ✎ For your notes: Open the TractrixMaple.mw file above the video and try it yourself, modifying the
parameters to match the tractrix curve x = cos(θ) + ln(tan( θ

2
)), y = sin(θ) and z = 0 and modifying the

domain like we had for Pi/2 to 2*Pi/3. Write down what happens to the speed output in the version of Maple
you are using.

• If you would like to access the Project 1 PDF for the full guidelines, you can access them under the activities
for project 1

• ✎ In your notes, write down at least one item you found interesting that relates to humanizing the tractrix.



• ✎ In your notes, write down a professional citation of one of the MathSciNet database search results
for the tractrix that you found interesting, including authors(s), title, journal article, volume, year, pages. . .
You can skip the institutions that MathSciNet lists as we don’t typically include this in proper citations.

• Consider the significance and physically interesting features of the tractrix that I mentioned previously.

• Consider the project components.

3 arc length, velocity, acceleration, jerk, speed, and the unit tangent T
interactive video

• ✎ In your notes, write down how to calculate these as well as in your own words what they tells us
physically and geometrically.

• ✎ Write the computations for the exponential curve in your notes and make sure you understand each
step.

• ✎ In your notes, sketch the curve as well as T and the velocity vector at a point.

• We have s as a function of t. Consider how to solve for t, the inverse function.

• ✎ Write the β(s) curve in your notes and consider how t(s) was substituted in for t in the curve α(t) to
form the reparameterized curve β(s).

• Given what we assumed for contradiction, what is the sign of s(y)− s(x) here?

• Why is it helpful for t(s) to pass the vertical line test?

• Open up the Maple file above the video

• Execute the Student[VectorCalculus] package and other commands for the exponential curve. Compare
with our by-hand work

• Consider how my Maple’s format is equivalent to our by-hand calculation as long as we convert back to
exponentials from cosh and sinh

• Execute more commands and play the animation using the play button or the slider after clicking on the
animation plot and looking up top for the controls

• Why isn’t the speed of the reparameterized curve 1?



4 TNB 1, κ and τ , osculating circle and plane interactive video

• ✎ In your notes, write down the curveα(t) = (r cos(ωt), r sin(ωt), 0), alpha′(t) = (−rω sinωt, rω cosωt, 0)
and show work for |α′(t)| and also respond here: What is |α′(t)|?

• ✎ In your notes, write down the formula for calculating T as α′(s) and α′(t)
|α′(t)| as well as in your own

words what T shows us physically and geometrically.

• ✎ In your notes, write the definitions of the curvature vector kappa, the curvature κ⃗, and N

• What is the scalar κ for this curve?

• Take the dot product of T = (− sin(ωt), cos(ωt), 0) and N = (− cos(ωt),− sin(ωt), 0)

• What is the dot product of a unit vector with itself?

• ✎ Write the proof in your notes that the derivative of any unit vector is perpendicular to the original

• Try this. Place T1 as your pointer finger and N1 as your middle finger. Then trace the curve and see what
happens. Notice that T turns toward N.

• ✎ In your notes, either in words and/or pictures, summarize how we can see that T(s) turns toward N as
we track its motion in the direction given by arc length

• ✎ In your notes, write the radius and center of the osculating circle, the equation of the osculating plane,
and sketch an image showing a curve, an osculating circle, T,N and N

κ
and label them.

• ✎ Sketch a picture of the curve and one osculating circle in your notes

• What happens when κ is large?

• Compute the cross product of T and N here—set up i, j, k as row 1, T and N as the other rows of the matrix
and take its determinant, or however you did it in multivariable calculus

• Consider the computations.

• Why is B = T ×N a unit vector?

• ✎ Write one of these arguments in your notes as well as how to compute B.

• ✎ Write the definition of B and tau as well as what B means physically and geometrically and try to
internalize the turning yourself as T turns toward N from T1 to T2 and B turns away from N from B1 to B2
in the image.

• Open TNB1.mw from above the video.

• Some computations may take Maple a really long time—for my PhD thesis, I was running simulations
over the entire weekend in Maple! What should we do if Maple is taking too long with computations like
arclength and we want to stop it?

• Try the Maple file yourself and play around some.

• Using the z = t3 curve’s osculating circles, either from the animation or the static plot output, what generally
happens to the scalar curvature kappa as we move up.



5 TNB 2: TNB derivatives interactive video

• ✎ In your notes, write down anything you don’t have readily available as you consider the review and
extension for τ .

• Why do we divide by |α′(t)| to compute T and the curvature vector and to find τ , the torsion?

• Consider the computations of the mystery curve and make sure you understand the steps involved

• What is T ′(s)?

• ✎ In your notes, write the argument that B′(s) has only an N component in the linear combination
aT + bN + cB, i.e. no B component and no T component.

• ✎ In your notes, write the argument that N ′(s) = −κT + τB

• Rotate your right hand away from you with B =thumb, T =index finger, and N =middle finger, to
internalize that when κ > 0 and τ > 0, T moves toward N and B moves away from N .

• Starting with your thumb pointed toward you, rotate your right hand away from you withB=thumb, T=index
finger, and N=middle finger, to internalize that when κ > 0 and τ > 0, to internalize that when κ > 0 and
τ > 0, N moves away from T and toward B.

• Orient your right hand to line up your thumb with B the pointer finger at T and the middle finger at N like
it is on the curve. Then follow the curve as it leaves the osculating plane that the circle is in to experience
the Frenet derivatives and what we are moving toward or away from in each equation

• See what Myka from Warehouse 13 says and how it relates to curves.

• Open the Maple file. Hit enter to execute the Maple commands, including the Student[Vector Calculus] and
plots packages. You can reveal the package contents with a ";" rather than ":" if you like.

• Examine Maple’s output of speed as
√
2
√︂

1
t4+1

. What happens as t gets large?

• In the TNB animation command, Modify frames=20 to frames=100 and play the animation via the play
button or the slider that comes up after you click on the animation visualization. You can also modify t1
and t2, like range= -15..15 instead of range=t1..t2, or similar, and you can also modify the width of the
TNB vectors via [width=.02]. Depending on your modifications, you may notice that Maple sometimes has
problems rendering parts of the curve.

• Where does the metric slow down?

• Where does the osculating circle get smaller (i.e. the |curvature|, 1/radius, get larger)?

• How can the mystery curve be a circle in a plane when z is not 0?

• Compare the three Frenet equations with the matrix equation representation of the TNB derivatives to see
that they provide the same relationships of how T , N , and B change along the curve.

• ✎ In your notes, write the statement of the Fundamental Theorem of Space Curves



6 curvature and torsion implications 1: proofs and Darboux interactive
video

• Consider these applications

• If you don’t already have these TNB formulas in readily accessible form for further use today, copy them
down.

• Consider the connection to the curvature of a plane curve y = f(x) via κ for α(x) = (x, f(x))

• What is T ′(s)?

• ✎ Write the κ = 0 is a line argument in your notes.

• What is B′(s)?

• What will we do next with (α(s)− α(0)) ·B?

• What is T ·B?

• ✎ Write the τ = 0 means we stay inside the osculating plane argument in your notes.

• What is α(s) + 1
κ
N(s)?

• Consider what are α′(s) and N ′(s).

• Why is τ0

• ✎ Write the α(s) is planar and has constant positive curvature then we are on a circle argument in your
notes.

• What is −κT + τB?

• ✎ Write ω(s) = τT + κB in your notes.

• Consider what happens to ω(s) = τT + κB in a circular hump when τ is approximately 0.

• Consider what happens to ω(s) = τT + κB when κ is close to 0 in a corkscrew part of a coaster.

7 curvature and torsion implications 2: helix and strake interactive video
• Review the formulas we’ve been working with

• Consider how a toy car can travel on a cylinder without having to turn its steering wheel so that it’s wheels
are on helices.

• Point T as your pointer finger, N as your middle finger, and B as your thumb to follow the helix from the
1st frame to the 2nd to internalize the visualization.

• Substitute T ′(s) and B′(s) into cos(θ)T ′ + sin(θ)B′



• What happens when we cross multiply from cos(θ)
sin(θ)

= cot(θ) = τ
κ
?

• ✎ Write the full argument that α(s) with τ
κ

constant and κ nonzero is a cylindrical helix

• ✎ In your notes sketch the cylinder, strake and annular strip and identify the inner helix and outer helix
on the strake and the inner circle and outer circle on the annulus.

• ✎ In your notes, compute α′(t) and then |α′(t)|

• Consider the computations for the curvature vector

• How can we advise the engineer?

• ✎ Write the parameterizations of the inner helix on the strake and the inner circle on the annulus

• ✎ Write the parameterizations of the outer helix on the strake and the outer circle on the annulus.

• open curvaturetorsionapps.mw in Maple

• consider velocity, acceleration, jerk, speed, arc length, curvature, and torsion for this inner helix on the
strake

• consider T, N, and B for this inner helix on the strake

• play the animation for the osculating circle. What do you notice?

• How do the curvatures compare?

• On a strake, consider why the curvature of the outer helix on the strake is larger than the inner helix.

• The inner circle on the annulus matches the length of the inner helix on the strake, so we already have that
from Maple, but why do we need a proportion for the outer circle on the annulus?

• On a strake, consider why the curvature and arc length of the outer helix is the biggest of all the curves.

• Consider the hyperbolic helix and its torsion

8 surfaces, geodesics and coverings interactive video
• Consider surfaces and the idea of locally looking like a plane

• ✎ In your notes, write down the phrase Embrace Seeing, Touching, and Imagining Surfaces

• What role does the r parameter play here?

• ✎ In your notes, write the parametrization of the strake and the values of the parameters.

• What is the dimension of a surface, the smallest number of parameters we need to represent the space?

• ✎ In your notes, write the definition of a geodesic as an intrinsically straight path where we can travel
straight ahead on a surface without needing to turn



• Consider how traveling in the direction that points toward the place we want to end up gives the shortest
distance in the plane, but will not necessarily on a surface like a round planet

• Consider the idea of traveling around a cylindrical tree trunk as an ant.

• If a car moves up and down a hill and the steering wheel never needs to be turned, does that indicate the
path is intrinsically straight on the surface?

• Roll and unroll a piece of paper with straight lines on it to model various geodesics on the cylinder as you
consider these questions.
1. Can a geodesic on the cylinder ever intersect itself?
2. How many differently shaped geodesics can we find on the cylinder and what are their shapes?
3. Is straight always shortest distance on the cylinder?
4. Is shortest distance always straight on the cylinder?
5. How many geodesics join 2 points?

• ✎ Sketch pictures in your notes of the different kinds of geodesics we can have on the cylinder and be
sure you have internalized them from rolling and unrolling paper

• Consider these responses and why a smooth geodesic needs parallel lines as we go off one side and compact
from the other at the same height

• Consider locally shortest distance versus intrinsically straight

• Try this:
Fold a paper in half vertically so you have 2 equal regions. Label point A on each edge at the same height
(3 As)
Choose Bs not on the same vertical or horizontal line as A.
Draw a line between every A and every B. Marker is best.
Roll the sheet up so As match and examine the geodesics

• How many different geodesics are between A and B shown here in this 2-sheeted cylinder covering?

• Consider the geodesics in the 2-sheeted covering.

• How many geodesics are there between 2 non-horizontal points in a cylinder?

• Starting at the cone point of an upside down ice cream cone, if we go out a distance r and walk horizontally,
will we be on an intrinsically straight geodesic?

• For a cone with angle 2π
3

at the tip, how many sheets in the unfolded (covering) picture give rise to distinct
geodesics between two points?

• Consider the images on the 120 degree cone.

• ✎ Sketch a picture of the covering and label θ−β, its adjacent d and its hypotenuse r, to show the secant
relationship.



9 coordinates, U , normal curvature, and geodesic curvature interactive
video

• Consider that even though surfaces look like the plane when we zoom in, most are not isometric in a way
that preserves measurements. So how do we study their geometry?

• Consider the connections to to multivariable calculus

• ✎ In your notes, write the definition of the u-coordinate curve, the v-coordinate curve and U

• Consider the idea of intrinsic versus extrinsic items

• What is the coordinate curve x(θ, z) with θ constant on this cylinder?

• ✎ Sketch the picture in your notes of the cylinder with the coordinate curves at a point, xtheta and xz

tangents to those coordinate curves, and the tangent plane

• Compute xz

• ✎ In your notes, write the computations for the cylinder and add U to your picture

• ✎ In your notes, sketch a picture for intrinsic coordinates and label it with w, z, α and s.

• ✎ In your notes, write w = s cos(α) and z = s sin(α) for the cylinder

• Consider the trigonometry and substitutions here.

• ✎ Write the definitions of the unit normal U , the curve’s curvature κ⃗α, normal curvature κ⃗n, and the
geodesic curvature κ⃗g

• Consider how the first coordinate function is t for u and the second one is t for v for the helix (cos(t), sin(t), t)
on the cylinder x(u, v) = (cos(u), sin(u), v)

• ✎ Write the computation steps in your notes for the helix on the cylinder.

• Consider how the curvature vector is completely normal to the surface, so not felt by the bug

• Consider these styles for the curve’s curvature κ⃗α, normal curvature κ⃗n, and the geodesic curvature κ⃗g

• Consider the commands I’m using for the helix on the cylinder.

• ✎ Sketch one of these images in your notes showing the geodesic curvature doesn’t vanish in the tangent
plane so this isn’t a geodesic

• Play around some in the Maple file above the video to get used to it! Change g to [cos(u), sin(u), v], f1 and
f2 to any functions of t, remove items in the second display command, rotate the plot...

• In Maple, with the cylinder already there for g as [cos(u), sin(u), v], modify c2 to 20 to extend it, modify
the parameter functions in Maple: f1 to t*cos(Pi/16) and f2 to t*sin(Pi/16), hit return there, and then return
below in the plotting commands.



10 speed of a geodesic, curvatures and classifications interactive video
• Consider driving a car along these curves. Do we have to turn the steering wheel on any of them?

• ✎ Write the argument that the speed of a geodesic is constant.

• Does a geodesic has to have constant speed? Does a curve with constant speed have to be a geodesic?

• Consider how we computed U for x(u, v) = (cos(u), sin(u), v).

• ✎ In your notes, compute the speed of the curve (cos(t), sin(t), sin(t))

• Consider why this curve is not a geodesic on the cylinder

• Consider why the helix is a geodesic on the cylinder

• Consider why the circle is a geodesic on the cylinder

• ✎ In your notes, compute the curvature vector o the curve (cos(0), sin(0), t).

• Consider this argument about classifying the geodesics on a cylinder analytically

• What kind of curve is v = 0 on the geographical sphere?

• ✎ Sketch some pictures in your notes that show a latitudes for the u coordinate curve when v is fixed and
a longitude for a v coordinate curve when u is fixed.

• ✎ Write the computations for the geographical sphere in your notes

• Open the Maple file above the video

• Consider the applications of our earlier work here.

• Try some modifications yourself. Plug in other functions of t for f1 and f2. Turn the output of the display
command and remove items as needed from the display command to help you see better

• Overall, what did our examples show?

1. geodesics must have constant speed and the geodesic curvature vanishing
2. curves that aren’t geodesics may have constant speed but they won’t have vanishing geodesic curvature
3. both of the above
4. neither

• ✎ Write this part of the argument about geodesics on a geographical sphere

• ✎ Write the rest of this argument that geodesics on the sphere are great circles.



11 first fundamental form interactive video

• ✎ Write this argument of how E,F and G and the metric form arise from our usual definition of arc
length along a curve as well as the definitions.

• ✎ Write these computations down for the metric form for the (u, v, 0) plane and the (u cos v, u sin v, u)
cone.

• Consider the roles of the u and v parameters on the new plane (
√
2u cos v√

2
,
√
2u sin v√

2
, 0) and the curves

they generate when one is fixed and the other varies

• ✎ In your notes, compute E,F and G on the new plane (
√
2u cos v√

2
,
√
2u sin v√

2
, 0)

• Open the Maple file from above the video and execute the new plane and cone commands by hitting return
and compare with your by-hand work

• ✎ In your notes, sketch the geodesic from the secant curve, its normal curvature vector, and label it as
such.

• In Maple, modify f1 and f2 as functions of t on the cone to see what happens when we don’t have a geodesic.

• Why is F repeated as the off-diagonal of the matrix, giving us a symmetric matrix where the transpose of
the matrix is the same as the original?

• ✎ Write this argument of how gij as an inner product determines dot products of tangent vectors as well
as angles. At the same time, review the multiplication of 3 matrices if that feels rusty

• Which are true about the intrinsic versus extrinsic nature of the normal curvature and geodesic curvature?

• Consider the cylinder computations and implications

• Does the Euclidean Pythagorean theorem hold on the cylinder?

• ✎ In your notes, compute F and G on the geographic sphere and write the full metric form

• What is the implication of the metric form and string argument on the sphere?

• Are the catenoid and helicoid locally isometric?

• Are the saddle and Enneper’s surface locally isometric?

• Consider what happens on saddle-like parts of surfaces to the Pythagorean theorem.

12 shape operator interactive video
• Consider the review

• Consider how we can extend our curves proof that the derivative of a unit vector is perpendicular to itself
by taking the directional derivative applied to U · U = 1.



• ✎ Sketch the picture in your notes and label p, U, w, Sp(w) and ∇wU and consider the intuition for why
it is negative

• ✎ Write the bullet points for S(x⃗u) and S(x⃗v) in your notes

• Consider the computations for the plane

• Consider the negation of the uth partial of U on the cylinder and how we wrote that in the x⃗u, x⃗v basis

• ✎ Sketch the image on the cylinder showing x⃗u, x⃗v the coordinate curves, U toppling along the u-
coordinate curve, the tangent plane and the cylinder.

• ✎ Write the shape operator computations for the cylinder

• Open the Maple file from above the video and execute the initial commands and commands for the sphere
by hitting return.

• For the geographical sphere, what do you notice about −Uv as a linear combination of x⃗u and x⃗v

• Consider the spherical computations

• For the pseudosphere, consider how the first coordinate of −Uu in your version of Maple (my Maple shows
cos vsech2u ) is − 1

sinhu
times the first coordinate of x⃗u (my Maple shows −sechu tanhu cos v)

• What is the augmented matrix to solve for the weights for −Uu as a linear combinations of x⃗u and x⃗v?

• Consider the pseudosphere

• Consider symmetric matrices and how the shape operator matrix for the saddle was not a symmetric matrix

• Consider the applications

13 second fundamental form, K, H and Gauss’s Theorema Egregium
interactive video

• Consider the review before we move on to the second fundamental form and more.

• ✎ Write the computations for the geographical sphere in your notes.

• ✎ Write the definitions for l,m, n, II, and the proof for l in your notes

• Consider what should we take the derivative of to obtain m?

• What should we take the derivative of to obtain m?

• ✎ In your notes, use one method for the geographical sphere to show n is −r, either via −Uv · x⃗v or
x⃗vv · U , after considering the computation for l.

• ✎ Write the definitions of the principal curvatures and what they are for the geographical sphere



• ✎ In your notes, sketch a picture and consider that the normal curvature vectors point in the direction
opposite U , which explains why κ1 comes from the bigger circle here, as it is the negative value closest to 0

• ✎ In your notes, write the definitions of the Gauss curvature and mean curvature

• ✎ In your notes, compute the shape operator for the round donut via −Uv and writing that as a linear
combination of x⃗u and x⃗v?

• ✎ In your notes, write down the Gauss curvature of the donut and sketch a few pictures.

• Consider the computations for II, l,mandn.

• ✎ Write the F = 0 formula in your notes, and notice that these two formulas express K intrinsically.

• Consider the contributions of Gauss and Germain

14 surface area interactive video
• Reflect on the ways we’ve explored derivatives on surfaces

• ✎ Write the proof that the square root of the determinant of the metric form gives the area of a flat x⃗u,
x⃗v parallelogram

• Which is the surface area of the round torus?

• Consider the strake computations so far.

• Open the Maple file for the strake computations, hit return to execute them, and then consider the outputs.

• Review U .

• ✎ Sketch the picture in your notes showing the strake and osculating circles for a point on the strake in
orthogonal planes and in opposite directions, and label 1

κ1
, 1
κ1

, and U

• ✎ In your notes, write the cylinder computations

• Consider how the surface area is 2πrh both from the double integral and from the rectangle in the covering

• Compare your computations with mine and make any corrections

• ✎ Sketch the picture in your notes with r, R and v on the sphere

• What does this tell us about the ratio of the circumference of a spherical cap’s boundary circle over it’s
radius?

• Consider the limits of integration for the surface area on the cone

• Why is an improper integral needed for the sphere and cone surface area?



15 Gauss-Bonnet interactive video
• Consider the different ways we can obtain the Gauss curvature K.

• Which has negative Gauss curvature K?

• What happens to the Gauss curvature in the visualization?

• ✎ Write the Gauss-Bonnet theorem in your notes, including what the items in it stand for.

• ✎ In your notes and here, what is the total Gauss curvature (
∫︁ ∫︁

KdA) of a sphere of radius r?

• ✎ Sketch the triangulation of the torus in your notes and write Gauss-Bonnet in this context.

• A triangulation of a surface breaks it up into triangles to compute the Euler characteristic. Which can we
apply to the sphere?

• How can we reformulate the Euler characteristic for a triangulation?

• Consider the argument here about the total angle defect.

• What is the sum of the angles in a geodesic triangle on a surface with negative K everywhere?

• Consider the basic idea here of why S topologically a cylinder, but with K < 0 then S has at most one
simple closed geodesic.

• ✎ Write the statement of this theorem in your notes about the existence of K > 0, K < 0 and K = 0
points

• ✎ Write in your notes and answer here too, what is the total curvature of the professional descender that
has 3 holes?

• Consider the round Klein bottle and its curvatures.

• Open higherdimcurvatures.mw and execute all the commands.

• Which is true about the Klein bottle?

• Consider the total curvature of the sphere in Maple

• Consider what do you think Spivak meant with “all the way with Gauss-Bonnet”

16 surfaces not embedded interactive video
• Can the sphere be isometrically embedded in the plane using a C2 map?

• Consider the review of Gauss curvature

• Consider the model on the left

• ✎ Sketch part of an annulus and label the width as δ and inner radius as r



• ✎ Sketch the figure on the right with δ width, λ and µ geodesics, and w and s coordinates.

• ✎ Add x(0, 0) and x(w, s) to your figure.

• ✎ Sketch a picture of a flat annulus that includes a center point, an inner radius of r and outer radius of
r + δ

• ✎ Write the proof that distance is exponential in hyperbolic geometry.

• ✎ Write the details of the Gauss curvature computation in your notes.

• ✎ Write out an argument that the angle sum of a geodesic triangle is less than π for hyperbolic geometry.

• ✎ In your notes, solve the double integral for the surface area of a region bounded by a horocycle and
radial geodesics d apart by plugging in the limits of integration and taking the limit by. Show this.

• Notice we computed intrinsic items,E,F , andG,K, angle sum, and surface area. All we have for hyperbolic
geometry is intrinsic coordinates.

• Consider the models of hyperbolic geometry and the real-life applications.

17 geodesic equations, Christoffel symbols, tensors, and spacetime inter-
active video

• Why is x⃗u, x⃗v, U a basis for a regular surface?

• What does the dot notation mean above a vector?

• Consider how I applied product rule here

• Consider how I applied chain rule here

• Consider the equation for α̈

• What is xuu · U?

• ✎ Write the definition of the Christoffel symbol in your notes.

• Consider where the x⃗u components came from and consider the x⃗v components of α̈

• Why do we want no x⃗u and x⃗v components of α̈ in the geodesic equations?

• Consider the geodesic equations for surfaces

• Consider how the Einstein summation notation is equivalent to the forms above it, with one equation for
a = 1 for the u parameter and another for a = 2 for the v parameter on the surface. Keep summing over all
the bs and cs!

• What happened to the other components of x⃗uu when we dot it with x⃗u?



• Consider why Γuu
u = Eu

2E

• Consider tensors and gij

• Do we need a symmetric matrix for gij?

• ✎ Write the formula for the Christoffel symbols and notice how we have both lower and upper indices
that start the summing in Einstein summation notation

• Consider the connections to both geometry and physics.

• ✎ Write down gij and gij for the round torus as you consider our prior computations.

• ✎ Write down the Γ1
22 expression as you consider how we substituted in for b = 2, c = 2 and a = 1.

• ✎ Write down the rest of the computational details for Γ1
22 and be sure you understand each step.

• Consider that at u = π
2
, Γ1

22 =
R
r
. Rewriting the geodesic equation for ẍ1 and moving the remaining terms

to the other side, we obtain a term with coefficient −R
r
. This negative coefficient can be interpreted as the

surface sloping downward in every direction at the top of the torus, so any geodesic immediately moves
away from that point.

18 Minkowski spacetime and Christoffel computations interactive video
• Why is there no dtdx term?

• Consider what is (ds
dt
)2?

• Consider the argument. Also, what kind of relativity is Minkowski’s space?

• ✎ Write out 3 matrices for Minkowski space as shown and write the resulting matrix multiplication
output.

• Consider what surface x2 + y2 = t2, where t varies too.

• What is the geometry of the set of v’s satisfying vTgijv = 0 in Minkowski space?

• Which is timelike?

• ✎ Write the definitions of timelike, lightlike and spacelike

• Consider why the Christoffel symbols and tensors all vanish in Minkowski spacetime.

• Consider the punchline.

• Consider the Lagrangian and Euler-Lagrange equations and how both the geodesic equations and the
Euler-Lagrange equations will have ẍa in them.

• This should look familiar. What surface is this?

• What is the second coordinate?



• Consider what is the matrix representation of this metric?

• Consider a = 1 in the Euler-Lagrange equation and how the partials and the derivative with respect to arc
length reduced

• ✎ Write the details of steps a) through d) in your notes

• Which Christoffel symbol is not 0?

• Write the Christoffel symbols in your notes for a=1.

• ✎ In your notes, calculate c), d) and e) with a = 2 for the θ coordinate.

• Consider why this is d
ds

(∂I
∂θ̇

) −∂I
∂θ

• Which Christoffel symbol is not 0 for a = 2?

• ✎ In your notes, make sure you have written the Γ2
bc Christoffel symbols and then open Christoffeland-

curvatures_sphere.mw

• Compare Maple’s output with our by-hand work.

19 spacetime gij,Γa
bc, curvatures and relativity interactive video

• Consider the last two terms of the wormhole metric, which should be familiar.

• Consider the review

• How many Christoffel symbols could we have for spacetime?

• Compare your notes on Γ2
12 from our prior work on the Christoffel symbol of the sphere to Γ4

43 here, which
is Maple’s (443)

• Consider how Maple writes “slice of 4x4x4x4 array” and shows 1 such slice of the Riemann tensor followed
by the nonzero entries.

• How many entries does the scalar curvature have?

• Consider the nonzero components of the Einstein tensor

• Consider what in the rotating Minkowski metric is similar to the original Minkowski metric and what is
different

• ✎ In your notes, after modifying one of these metrics in Maple, but keeping gij symmetric, write down
what you tried and and one geometric or physical consequence you noticed.

• Consider the experimental landmarks for general relativity

• On the left side of this picture is a superhero outfit. What would GR stand for?



20 general relativity and the field equations interactive video
• Consider the connections to multivariable calculus

• ✎ in your notes, take the partial of ϕ = −M
r

wrt r.

• ✎ In your notes, take the partial of r =
√︁

x2 + y2 + z2 with respect to x.

• ✎ In your notes, use the quotient rule on Mx
r3

to take the partial with respect to x.

• ✎ Write the theorem and proof in your notes

• ✎ Write the corollary in your notes

• What role do the Christoffel symbols play?

• ✎ in your notes, write the Field equations for the vaccuum case

• What is another way to write Einstein’s field equations?

• How many equations and unknowns do we have?

• What are the solutions to Einstein’s Field Equations?

• Which surfaces have constant Gaussian curvature?

• Consider Einstein’s quote together with the progression from Schwarzschild to de Sitter to the Einstein-Rosen
bridge

• What is the hypersphere that Einstein presented in 1917 as a model for the universe that was consistent with
relativity?

• Consider the role of Einstein and others in general relativity
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