Should the Frenet frame be named only for Frenet?

a) yes
b) no, it should include him, but not only Frenet
c) no, strike his name and use a different one

you named me

WHATI?

4
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baby-name-surprised. jpg
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Curves — Surfaces
@ The embeddings make a difference as we’ll see when we
examine curves on other kinds of surfaces (e.g., helix on
cylinder versus cone) and in spacetime.
@ Given a fixed piece of string, what figure bounds the
largest area?
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@ The embeddings make a difference as we’ll see when we
examine curves on other kinds of surfaces (e.g., helix on
cylinder versus cone) and in spacetime.
@ Given a fixed piece of string, what figure bounds the
largest area?
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s), y(s)) closed curve with length L
enclosing region A= L% > 47 A
once around?
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s), y(s)) closed curve with length L
enclosing region A= L% > 47 A
once around? 0 <s< L

@ Bound by 2 parallels lines
@ Circle is stepping stone to go from area to length
@ r drops out at the end so speC|f|c prolectlon doesn t matter

N - | ‘

I8 WA e

I\;e&.s,fugﬂju ‘\5 7 ‘

| ) THINKGREEN. [ e e
a a W
,j : \’ o Y

http://www.nerdytshirt.com/images/shirt— 1mages/var1ety shlrts/B think-green/

think-green-math-sand. jpg, http://i.stack.imgur.com/gctMU.png,

http://www.ma.utexas.edu/users/voloch/NTpic/skeptic. jpg

Dr. Sarah Math 4140/5530: Differential Geometry


http://www.nerdytshirt.com/images/shirt-images/variety-shirts/8-think-green/think-green-math-sand.jpg
http://www.nerdytshirt.com/images/shirt-images/variety-shirts/8-think-green/think-green-math-sand.jpg
http://i.stack.imgur.com/gctMU.png
http://www.ma.utexas.edu/users/voloch/NTpic/skeptic.jpg

1.6: Isoperimetric Inequality (Schmidt, 1938)
a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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Parametrize circle 3(s) using x(s), smooth «(s) with a new y:

B(s) = (x(s), £1/r? = x(s)?) = (X(5), B2(8))
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1.6: Isoperimetric Inequality (Schmidt, 1938)
a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L? > 47A

N ‘

oo i F 5 S
.‘k ‘I’HINKG :N F\\ 2 @I

http://www.nerdytshirt.com/images/shirt- 1mages/varlety shirts/8-think-green/
think-green-math-sand. jpg, http://i.stack.imgur.com/gctMU.png,

http://www.ma.utexas.edu/users/voloch/NTpic/skeptic. jpg

Parametrize circle 3(s) using x(s), smooth «(s) with a new y:

B(s) = (x(s), £v/r? — x(s)?) = (X( ); B2(s))
Area of a(s) : [ [ dA="[ xdy = fxy ds
o 0
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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Parametrize circle 3(s) using x(s), smooth «(s) with a new y:

B(s) = (x(s), £v/r? — x(s)?) = (X( ): B(8))
Area of a(s) : [ [ dA™=" f xdy = f xy'ds
Area of 3(s) : nr? = [ f dA=" f — VeircleQX = f —BoX'ds

circle
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1.6: Isoperimetric Inequality (Schmidt, 1938)
a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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Parametrize circle 3(s) using x(s), smooth «(s) with a new y:

B(s) = (x(s), £v/r? — x(s)?) = (X( ): B(8))
Area of of f [ aA=" f xdy = f xy'ds
Area of 3(s) : nr? = [ f dA=" f — VeircleQX = f —BoX'ds

circle
We'll add these & reduce to get a nice formula for total area: rL
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L? > 47A
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L
Area of curve + circle = [ xy’ — B2x’ds
0
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a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L? > 47A
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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L
Area of curve + circle = [ xy’ — B2x"ds < f |xy’ — B2x"|ds
0

L
= [Vly' = Gx)fds = | [ /X2y — 2xy/fx! + Bx2ds
0
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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L
Area of curve + circle = [ xy’ — B2x"ds < f |xy’ — B2x"|ds
0

L
= [Vly' = Gx)fds = | [ /X2y — 2xy/fx! + Bx2ds
0

change middle term 2xy’ﬁgx via (xx’ 4 Bay’)?
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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L L
Area of curve + circle = [ xy’ — Box'ds < [ |xy’ — B2X'|ds
0 0
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change middle term —2xy’3x’ via (XX’ + Boy’)?
(xx' + B2y')? > 0 gives
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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L L
Area of curve + circle = [ xy’ — Box'ds < [ |xy’ — B2X'|ds
0 0

L L

change middle term —2xy’3x’ via (XX’ + Boy’)?
(xx" + B2y")? > 0 gives x2x2 + B3y"2 > —2xx' By’ = —2xy'BoX'
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1.6: Isoperimetric Inequality (Schmidt, 1938)
a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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Area of curve + circle = [ xy’ — B2x"ds < f |xy’ — B2x"|ds
0

L
= [Vly' = Gx)fds = | [ /X2y — 2xy/fx! + Bx2ds
0

change middle term 2xy’ﬁgx via (xx’ 4 Bay’)?
(xx' + B2y")? > 0 gives x2x2 + 3y2 > —2xxX' oy’ = —2xy'BoX'

L
gf\/xzy’2+x2x’2+5§y/2+ﬂ§x’2ds
0
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a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s),y(s)) closed curve 0 < s < L enclosing region A = L? > 47 A
@ Book completes proof with arithmetic mean.

Define h= 4.
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Define h = £. Think of rectangle: “average height” of the curve.
We showed: rL > Area of curve + circle = A+ 7r? =
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Define h = £. Think of rectangle: “average height” of the curve.
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a(s) = (x(s),y(s)) closed curve 0 < s < L enclosing region A = L? > 47 A
@ Book completes proof with arithmetic mean.

Define h = £. Think of rectangle: “average height” of the curve.
We showed: rL > Area of curve + circle = A+ nr2 = 2rh+ rr?
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a(s) = (x(s),y(s)) closed curve 0 < s < L enclosing region A = L? > 47 A
@ Book completes proof with arithmetic mean.

Define h = £. Think of rectangle: “average height” of the curve.
We showed: rL > Area of curve + circle = A + 7r2 =2rh+ 7r?
L>2h+mr>2h+ Z2r
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a(s) = (x(s),y(s)) closed curve 0 < s < L enclosing region A = L? > 47 A
@ Book completes proof with arithmetic mean.

Define h = £. Think of rectangle: “average height” of the curve.
We showed: rL > Area of curve + circle = A+ r? = 2rh + mr?
L>2h+mr > 2h+ Z2r upper bound on h via width (2r) & length (L)

Dr. Sarah Math 4140/5530: Differential Geometry



1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s),y(s)) closed curve 0 < s < L enclosing region A = L? > 47 A

@ Book completes proof with arithmetic mean.
Define h = £. Think of rectangle: “average height” of the curve.
We showed: rL > Area of curve + circle = A+ nr2 = 2rh+ rr?
L>2h+mr > 2h+ Z2r upper bound on h via width (2r) & length (L)
[2 > (2h + F2r)2 = 42 4 2hn2r + = (2r)?

Dr. Sarah Math 4140/5530: Differential Geometry



1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s),y(s)) closed curve 0 < s < L enclosing region A = L? > 47 A
@ Book completes proof with arithmetic mean.

Define h = £. Think of rectangle: “average height” of the curve.

We showed: rL > Area of curve + circle = A+ r? = 2rh + mr?
L>2h+mr > 2h+ Z2r upper bound on h via width (2r) & length (L)
[2 > (2h + F2r)2 = 42 4 2hn2r + = (2r)?

— 4h2 + (—2hr2r + 4hn2r) + I (2r)2

Dr. Sarah Math 4140/5530: Differential Geometry



1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s),y(s)) closed curve 0 < s < L enclosing region A = L? > 47 A
@ Book completes proof with arithmetic mean.

Define h = £. Think of rectangle: “average height” of the curve.

We showed: rL > Area of curve + circle = A+ r? = 2rh + mr?
L>2h+mr > 2h+ Z2r upper bound on h via width (2r) & length (L)
[2 > (2h + F2r)2 = 42 4 2hn2r + = (2r)?

— 4R 4 (—2hw2r + 4hr2r) + = (2r)2 2 (2h — F2r)2 + 4hn2r
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a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A

@ Book completes proof with arithmetic mean.
Define h = £. Think of rectangle: “average height” of the curve.
We showed: rL > Area of curve + circle = A + 7rd =2rh+7r?
L>2h+mr > 2h+ Z2r upper bound on h via width (2r) & length (L)
[2 > (2h + F2r)2 = 42 4 2hn2r + = (2r)?
— 42 + (—2hn2r + 4hr2r) + T(2r)2 2 (2h — 2r)2 + 4hr2r >
4hn2r = 47 A goodbye r!
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a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A

@ Book completes proof with arithmetic mean.
Define h = £. Think of rectangle: “average height” of the curve.
We showed: rL > Area of curve + circle = A + 7r2 = 2rh+ nr?
L>2h+mr > 2h+ Z2r upper bound on h via width (2r) & length (L)
[2 > (2h + F2r)2 = 42 4 2hn2r + = (2r)?
— 42 + (—2hn2r + 4hr2r) + T(2r)2 2 (2h — 2r)2 + 4hr2r >
4hr2r = 47 A goodbye r! QED (quod erat demonstrandum)

Dr. Sarah Math 4140/5530: Differential Geometry
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a(s) = (x(s), y(s)) closed curve 0 < s < L enclosing region A = L2 > 47A

@ Book completes proof with arithmetic mean.
Define h = £. Think of rectangle: “average height” of the curve.
We showed: rL > Area of curve + circle = A+ r? = 2rh + mr?
L>2h+mr > 2h+ Z2r upper bound on h via width (2r) & length (L)
[2 > (2h + F2r)2 = 42 4 2hn2r + = (2r)?
— 42 + (—2hn2r + 4hr2r) + T(2r)2 2 (2h — 2r)2 + 4hr2r >
4hr2r = 47 A goodbye r! QED (quod erat demonstrandum)

@ Gaussian isoperimetric inequality useful in Information Theory
for decoding error probabilities for a Gaussian channel
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1.6: Isoperimetric Inequality (Schmidt, 1938)

a(s) = (x(s),y(s)) closed curve 0 < s < L enclosing region A = L? > 47 A
@ Book completes proof with arithmetic mean.

Define h = £. Think of rectangle: “average height” of the curve.

We showed: rL > Area of curve + circle = A+ r? = 2rh + mr?
L>2h+mr > 2h+ Z2r upper bound on h via width (2r) & length (L)
[2 > (2h + F2r)2 = 42 4 2hn2r + = (2r)?

— 42 + (—2hn2r + 4hr2r) + T(2r)2 2 (2h — 2r)2 + 4hr2r >
4hm2r = 47 A goodbye r! QED (quod erat demonstrandum)

@ Gaussian isoperimetric inequality useful in Information Theory
for decoding error probabilities for a Gaussian channel

@ In 3-space, sphere maximizes volume while minimizing surface
area—geodesic domes
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Cauchy-Crofton formula

a(s) plane curve of length L. There are 2L straight lines
(counted with multiplicities) which meet a(s)
electron micrographs

Four-Vertex Theorem

x(s) of a simple, closed, smooth plane curve has at least four
local extrema

mechanics: no polygons that can stand on only one edge
(false in R3: Gomboc)

hl{ﬂmm. Figure 1-34 is a drawing of an clectron micrograph Of
seular DNA molecule and we want to estimate its length. The four families
g
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Figure 1-34, Reproduced from H, Ris and andler, A
S0, Quan, Biol, 28, 2 (1963), wm:.;mlit&. oo ol ol
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