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Lesson Plan on the Fibonacci Sequence

Fibonacci Lesson 2
Abstract

     Students will discover for themselves the Fibonacci Sequence as they solve and explore the famous “rabbit problem” posed by Leonardo Pisano in the 13th century and an additional problem attributed to him.  They will then be led to consider the numerous places this sequence shows up in music, anatomy, and plant life, with a goal of helping students realize that mathematics is a significant factor in the structure and beauty of the world we encounter every day.
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Rationale

     Because I am pursuing a master’s degree in Developmental Education with a concentration in mathematics, the lesson plan is designed to be included in a basic level or developmental math course.  The intention of including this particular subject matter is at least two-fold.  I hope to expose students to the idea that mathematics is actually a major factor in the beauty we perceive in music and nature and in so doing,  help to counter a fear of mathematics that many developmental students possess.  As Calvin Clawson points out in his introduction to Mathematical Sorcery, “…fears of mathematics [are fanned by] damaging myths that have sprung up this century…(1) Mathematics is boring.  (2) Mathematicians are dull old men…hidden away on college campuses, who have lost touch with reality.”(Clawson 1999, p.2).

     I believe that most people haven’t given much thought to the complexities of the music they listen to or the beauty of nature that moves them.  For Westerners, at least, it seems that when people are given a behind-the-scenes tour of something they enjoy, it enhances their pleasure in that thing.  Even if they can’t understand all the details, just knowing that the intricacies exist causes them wonder, and they appreciate it all the more.  As my students see the prevalence of the Fibonacci sequence in the world around them and as they encounter a playful side of mathematics in the many Fibonacci puzzles available, I hope they will come to see that mathematics and many mathematicians are anything but boring.
     It is also my hope that as the students learn briefly about the history of this sequence they will gain an appreciation for the contribution of Indian and Islamic mathematicians 
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to Western civilization.  In addition, the students will work through Fibonacci’s original problem to discover the sequence for themselves.  Hopefully, this self-construction of knowledge will increase the students’ retention of the material, as well as their sense of ownership of their own learning experience, which may help to build their self-confidence – an important benefit, especially to developmental learners.
Lesson Objectives
· Students will understand what the Fibonacci Sequence is
· Students will know how the sequence was discovered and by whom
· Students will explore (and hopefully be impressed by) the prevalence of this sequence in music and nature
· Students will have some fun with the Fibonacci numbers
Student Prerequisite Skills

· Arithmetic

· Some experience with math patterns would be helpful

Key Words
Sequence – a series of numbers following each other by some definite rule
Recursive formula - a formula which is repeatedly applied to its own values 
Professional Standards Addressed

     Although there are no national standards stated for developmental students, some of the skills these students should have gained in high school which would prepare them for 
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success at the college level are found in the following NCTM standards for 9-12 students.  Students should:

( generalize patterns using explicitly defined and recursively defined functions

( use symbolic expressions, including iterative and recursive forms, to represent 

relationships arising from various contexts

( draw reasonable conclusions about a situation being modeled

( approximate and interpret rates of change from graphical and numerical data
Pedagogy

     After a brief introduction and history of the sequence are given, hands-on activities will form the key component of the lesson.  Students may rotate through several locations in the classroom making observations.  If enough individual computer work-stations are available for the students somewhere on campus, a number of learning activities may also be completed using an interactive website.  Discussion of their observations will follow.  A possible homework assignment would be to find another example of the Fibonacci sequence in music, nature or a puzzle.

The Lesson
Introducing the Sequence

     Suppose two children in your family each want a baby rabbit for Easter.  You’ve heard about the breeding habits of rabbits, so you decide to do some quick calculations 
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just in case you end up with a male and a female!  [At this point, a diagram will be developed on the blackboard with student input.  See Appendix.]
     What are some assumptions made in these calculations that may not be very realistic?

(1) None of the rabbits die.  (2) It takes each pair exactly one month to mature before they can reproduce, and then they reproduce once a month after that.  (3) Each birth is exactly two rabbits, one male and one female.  (4) Brothers and sisters mate (which actually causes genetic problems).

     The numbers we have generated for each month’s cumulative totals form the Fibonacci sequence.  Does anyone see the pattern here?  [Write the students’ response in words on the board.]    Does the growth seem to be steady, like a diagonal line, or accelerating, like an upward curve?  

     So, a sequence is a series of numbers following each other by some definite rule. This particular sequence can be written recursively, which means repeatedly applying a formula to its own values.  The rule or formula for the Fibonacci sequence is: 
f(n) = 0                      if n = 0

f(n) = 1                      if n = 1

f(n) = f(n-1) + f(n-2) if n>1

     Let’s see how this formula works.  Pick a month in the rabbit problem.  Let’s say six is chosen.  So, for the 6th month, we will get the 6th term in the sequence, and n=6.  That means that f(n-1) is the 5th term and f(n-2) is the 4th term.  So, f(6) = f(5) + f(4); and the 6th term is the sum of the previous two terms, 5 and 3.  5+3 = 8.  Try it yourself for another term/month.
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History

[Perhaps show students the photo of the statue of Fibonacci on the O’Conner & Robertson website.]
     Fibonacci was actually born Leonardo Pisano (that is, Leonardo of Pisa) in the Bonacci family.  One hypothesis regarding how Leonardo came to have another name is 
that he was known as the son of Bonacci, which in Latin is “filius Bonacci.”  Somehow this was contracted to Fi-Bonacci (Ward 2003). His father was a diplomat in North Africa, representing the trade interests of the merchants of Pisa, and Leonardo went to live there with him and studied accounting.  He also traveled widely with his father and was introduced to the Hindu-Arabic number system that we use today.  In 1202 he described this system in his famous book Liber Abaci (The Book of Computation), and Europe converted to it from the Roman numeral system.  It’s rather amazing to me that someone who made a contribution of that magnitude to the Western world is not better known in general history books!  As one author points out, “…try to imagine how European commerce, banking, and measurement managed to progress from the first to the twelfth century using Roman numerals.” (Ward 2003)  

          The second section of Liber Abaci dealt with commerce problems – how to calculate profits, how to convert between various currencies, etc.  Then in the third section the rabbit problem was used to introduce the Fibonacci sequence.  It is possible that Fibonacci himself was introduced to the sequence in the writings of the Indian scholars Gopala and Hernachandra, who studied rhythmic patterns in the mid-twelfth century. (Weisstein 1999)  One could argue that the sequence should be called the Gopala 
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sequence to honor an earlier discoverer rather than one who merely publicized it.  If you agree with this, then perhaps you feel that North and South America should not have been named for the mapmaker Amerigo Vespucci…but that’s another story!
     Our hero apparently also described how his sequence could be used to count a honeybee’s ancestors. (Knott 2005)  Here are some interesting background facts about 
bees:  male bees are produced by the queen’s unfertilized eggs, so they have only a mother and no father.  Female bees are produced when the queen mates with a male, so they have two parents.  So think about the family tree of a male bee.  He had 1 parent, a female.  He has 2 grandparents, since his mother had a mother and a father.  He has 3 great-grandparents, since his grandmother had 2 parents, but his grandfather had only 1.  The pattern continues, providing this picture: 

              parents     grandparents     great grands    great,great grand   gt,gt,gt grands  

1 male bee   1                 2                         3                     5                         8              etc.

Significance of the Sequence
     So, big deal!  This is interesting, but is this sequence really worth having your name put on it?  The significance of the sequence was not realized at first.  However, it has 
proved to be quite prevalent and useful in many areas of math and science, so much so that a Fibonacci Society was organized to study and keep a record of its many surprising properties in the Fibonacci Quarterly (Clawson 1999).  The Society even has an annual international convention to discuss new Fibonacci sequence discoveries!
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     These special numbers even show up in music.  Consider one piano, with one keyboard having black keys arranged in groups of two or three.  For every five black keys (providing sharps and flats), there are eight white keys (providing whole tones – the Do Re Mi scale), thus making up the 13-note chromatic musical octave (Ward 2003).

    Next I would like to draw your attention to the human hand.  Each one hand has five fingers, which are divided by two knuckles into three parts.  Fibonacci again!
    The plant world especially seems to favor the Fibonacci sequence.  Following is a list of flowers and the number of petals they have.  [This list could be handed out or displayed on a power point slide or using an overhead projector.]  Some species have exactly this number of petals and other species average this number:
2


Enchanter’s nightshade

3


Iris, lily, trillium

5


Buttercup, columbine, larkspur, pink, wild rose

8


Delphiniums

13


Chamomile, corn marigold, globe flower, ragwort 

21


Aster, black-eyed Susan, chicory, helenium, many wildflowers

34


Common daisies, hawkweed, plantain, pyrethrum

55, 89


Michaelmas daisies

     Fibonacci numbers are also seen in the spiral arrangements of seeds on flower heads, which seem to be so arranged to allow for optimal, uniform packing of the seeds.  Similarly, if a pine cone is viewed from its base, its seeds form two sets of spirals, one set starting from the center and spiraling up to the right and one set starting from the same 
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point and spiraling down to the right.  The number of spirals in each set will be a Fibonacci number (8 and 13).  Pineapples demonstrate this same spiraling pattern, as do the florets of a head of cauliflower and the spines on a cactus.  Cut open many fruits and a Fibonacci number seed arrangement will be found, including those with a single pit!  Bananas are made of a Fibonacci number of flat surfaces.  
     The vast majority of plants exhibit a leaf arrangement involving Fibonacci numbers.  This arrangement is difficult to explain in words, but the interactive website listed on the References page contains a very clear demonstration of this interesting property of plants.

     So that you won’t just be taking my word for it, a number of stations have been set up around the room so that you may observe for yourself the occurrence of this sequence in natural objects.  You will not always find exact Fibonacci numbers in every specimen in Nature, but they will usually come close, and the average over many specimens observed will be a Fibonacci number.
     [At this point, the students would be encouraged to visit at least two different stations, depending on the amount of time available.  Stations would exhibit pineapples, pine cones, heads of cauliflower, sunflower heads, a bouquet of various types of flowers, an apple already cut in half, a few bananas, etc.]

Puzzles
     If there is time remaining in the class period, some or all of the following puzzles could be worked out together on the blackboard.  Another option would be to work out 
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the honeycomb puzzle using pre-made frames on the floor and a volunteer “bee.”  Students could also “act out” the other puzzles, if space permits.
Honeycomb


[image: image87.wmf]
    If the bee needs to visit some of the cells in two rows of honeycomb, always moving from left to right and starting at cell A, how many paths are possible to cell B? (1)  How many paths are possible to cell C?  (2:  A to C or A-B-C)  How many paths are possible to cell D?  (3:  A-B-D, A-C-D, or A-B-C-D)  How many paths are possible to cell E?  (5) To cell F? (8)   This can be continued with more cells, if desired.
Chairs in a Row  (Knott website)

     If you've ever been to a gathering where there are teachers present, you will know they always talk about their school/college (boring!). So we will insist that no two teachers should sit next to each other along a row of seats and count how many ways we can seat n 

people, if some are teachers [image: image2.png]


(who cannot be next to each other) and some are not [image: image3.png]


. 

	1 chair 
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or [image: image5.png]



	2 ways

	2 chairs
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 INCLUDEPICTURE "http://www.mcs.surrey.ac.uk/Personal/R.Knott/images/smileyRed.gif" \* MERGEFORMATINET [image: image7.png]


or [image: image8.png]




 INCLUDEPICTURE "http://www.mcs.surrey.ac.uk/Personal/R.Knott/images/smileyBlue.gif" \* MERGEFORMATINET [image: image9.png]
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 INCLUDEPICTURE "http://www.mcs.surrey.ac.uk/Personal/R.Knott/images/smileyRed.gif" \* MERGEFORMATINET [image: image11.png]



	3 ways

	
	since we do not allow [image: image12.png]




 INCLUDEPICTURE "http://www.mcs.surrey.ac.uk/Personal/R.Knott/images/smileyBlue.gif" \* MERGEFORMATINET [image: image13.png]



	

	3 chairs
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	5 ways 

	
	this time [image: image29.png]
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are not allowed.
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You can write the sequences using T for Teacher and N for Not-a-teacher.   There will always be a Fibonacci number of sequences for a given number of chairs, if no two teachers [image: image38.png]


are allowed to sit next to each other!

Stepping Stones  (Knott website)
Some stepping stones cross a small river. How many ways back to the bank are there if you are standing on the n-th stone?  You can either step on to the next stone or else hop over one stone to land on the next.   

If you are on stone number 1, you can only step (s) on to the bank: 1 route.

If you are on stone 2, you can either step on to stone 1 and then the bank (step, step or ss)
OR you can hop directly onto the bank (h): 

	    
	
	step
	
	step
	
	  ss
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	----- hop ---->
	
	  h
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	2 sequences


From stone 3, you can step, step, step (sss) or else hop over stone 2 and then step (hs) or else step on to stone 2 and then hop over stone 1 to the bank (sh): 
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	step
	
	step
	
	step
	
	  sss
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	----- hop --(
	
	step 
	
	  hs
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	step
	
	----- hop --(
	
	  sh
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	3 sequences
	


Think about why the Fibonacci numbers are appearing.

Ending the Lesson
     You should also be aware that the relationship of neighboring terms in the sequence is also significant, showing up in anatomy, art, architecture, and other natural and man-made spheres – but that’s a topic for another lesson!

     At least now you know why it’s such good luck to find a four-leaf clover.

Assessment Strategies


Perhaps four questions on the topic could be included on the next course exam:

1) Write the first ten terms of the Fibonacci sequence.

2) Do we know for sure that Fibonacci discovered the sequence named after him?  Explain.
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3) What natural phenomenon did Fibonacci use to model his sequence?

4) The Fibonacci sequence has turned out to be prevalent in nature and music.  Give three examples to support this statement.

Fibonacci Lesson 15
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Appendices

Student Handout/Lesson Outline

Diagram for Rabbit Problem 

Fibonacci Sequence

Lesson Outline

Session Objectives:

· Students will understand what the Fibonacci Sequence is
· Students will know how the sequence was discovered and by whom
· Students will explore (and hopefully be impressed by) the prevalence of this sequence in music and nature
· Students will have some fun with the Fibonacci numbers
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I.  How the Sequence is Generated
















     A.  The Rabbit Problem

     B.  Recursive Formula – f(n) = {0                     if n=0}





        {1                     if n=1}




        {f(n-1)+f(n-2), if n>1}

II.  History of Sequence

     A.  Fibonacci

     B.  Ancestry of Bees







III. Significance of the Sequence

     A.  Music

     B. Nature

          1. Examples

Fibonacci Lesson Outline - page 2

          2. Group Activity

IV. Fun with the Sequence – Puzzles & Games
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