Cubic Equations

Ideas from A History of Mathematics, Jeff Suzuki, Prentice Hall, 2002.



There is a rich history in solving cubic equations (see Journey through Genius, William Dunham.) which would provide interesting reading to the advanced student.


One person who made a great contribution to the solution of the cubic was the Italian mathematician, Giralamo Cardano (1501 – 1576).  He used the following rule to compute a solution to the equation 
[image: image1.wmf], where he called p the things and q the number.

Cube one third the number of things.  To this add the square of half the number, and take the square root of the whole.  Work with this twice: first add half the number, and second subtract half the number.  This will give you a binomial and an apotome, respectively.  Find the cube root of the binomial and subtract from it the cube root of the apotome and the result is the value of the thing.

Example:  You wish to solve A cube and 6 things make 20.  In our modern notation, you wish to find the solution to the equation 

 EMBED Equation.3  
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.

Follow Cardano’s rule to compute a solution to the above equation.

Give a formula in modern notation for a solution to the equation 

 EMBED Equation.3  


 in terms of p and q using Cardano’s rule.

There are many other forms of cubic equations without a quadratic term, and Cardano had a procedure for solving each of them.  Finally, to obtain a solution to the general cubic equation:



 EMBED Equation.3  
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,

a transformation is performed to eliminate the quadratic term and one of Cardano’s rule solves the remaining equation.


A historically important equation is 
[image: image4.wmf].  

Find an integer solution to this equation (between –5 and 5).

Now set the equation equal to 0 and use your solution and long division to factor the left hand side into a linear and quadratic polynomial.  Then use the quadratic formula to find the roots of the quadratic.

Write down all 3 solutions to the original equation.  __________________________________

By using the general Cardano-Tartaglia formula for the solution of a cubic, we get (take my word for it) that one solution is


[image: image5.wmf]
Which of the 3 solutions is this?

Rafael Bombelli assumed that 
[image: image6.wmf] and found that 


[image: image7.wmf].

Thus, when you added them together, you get 


[image: image8.wmf]
and thus, heralded the birth of complex analysis.
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