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Abstract of Lesson:

Patterns of Operations for Integers

Counting numbers come naturally for most students, but the idea of negative numbers is scary.  This lesson will help explain the history of negative numbers and help establish the pattern for multiplication and division of negative numbers.  There are records from 3rd Century China and Greece, along with 7th Century India which gave rules for working with negative numbers.  It is important to note that centuries later when the Europeans studied negatives, they argued that negative numbers represented amounts that were less than nothing; therefore they could not exist.  They did acknowledge that negative numbers could represent one’s debts or indicate distance traveled in opposite directions but they were not accepting negative numbers to become solutions to equations or part of the integer system of numbers.  It took some time for Europeans to accept negative numbers – this occurred when they found they were essential to various equations.  It was not until the 19th Century mathematicians defined them as objects in a purely symbolic system of algebra that everyone began to accept them.
Essence of Algebra is a book written by Leonard Euler in 1770.  In this book – Euler  believed algebra was a generalized arithmetic, but he was sure of a greater distinction between the two.  His explanation of this difference  was “Arithmetic treats of numbers in particular, and is the science of numbers properly so called, but this science extends only to certain methods of calculation, which occur in common practice.  Algebra, on the contrary, comprehends in general all the cases that can exist in the doctrine and calculation of numbers.”  In his book he explains the use of the signs Plus “+” and Minus “-“.  He states “it is absolutely necessary to consider what sign is prefixed to each number … simple quantities are numbers considered with regard to the signs which precede or affect them.  Further, we call those positive quantities, before which the sign + is found; and those are called negative quantities, which are affected by the sign -.”  Euler thought the process of subtracting –x is the same of adding x by using this analogy, “… to cancel a debt signifies the same as giving a gift’.  He also justified the rule for multiplying a positive number by a negative number – for example, given a positive number C, the quantity 5(-C) could be five times a debt of C – which would be a negative number.  Euler then stated once he knew that a(-b) was negative for positive numbers a and b, he realized that (-a)(-b) must be positive because that answer could not be the same sign as a(-b).
Patterns of Operations for Integers

Main Report:

Objectives:

· To multiply and divide integers
· To enhance the learning of the history of mathematics by exploring the life of Leonard Euler and his contributions to mathematics

National Standards:

Number and Operations
· Understand numbers, ways of representing numbers, relationships among numbers and number systems

· Understand the meaning of operations and how they relate to one another

· Compute fluently and make reasonable estimates

Algebra
· Understand patterns, relations and functions

· Analyze change in various contexts

State Standards: 

Algebra Standard Course of Study – 2003 Transition Document
· Write equivalent forms of algebraic expressions to solve problems
· Operate (addition, subtraction, scalar multiplication) with matrices to solve problems

Student Pre-Requisite Skills:
· Students should be able to add and subtract integers
· Students should be able to complete a table of values in a pattern

· See Check Skills You Will Need Worksheet – attached

Key Vocabulary Words:

· Identity Property of Multiplication – For every real number N, 1 * N = N. 
· Multiplication Property of Zero – For every real number N, N * 0 = N.

· Multiplication Property of -1 – For every real number N, -1 * N = N.

· Inverse Property of Multiplication – For every nonzero real number A, there is a multiplicative inverse 1/A such that A(1/A) = 1.
· Multiplicative Inverse – Given a nonzero rational number a/b, the multiplicative inverse or reciprocal is b/a.  The product of a nonzero number and its multiplicative inverse is 1.

· Reciprocal – Given a nonzero rational number a/b, the reciprocal or multiplicative inverse is b/a.  The product of a nonzero umber and its reciprocal is 1.
Lesson Outline:

I. Lesson Preview – review homework (if necessary), review addition and subtraction of integers and matrices.

II. Introduction to Leonard Euler – use notes – attached

III. Investigate Euler’s patterns for multiplication – use background  information – attached

During investigation – some students may have a difficult time understanding how the product or quotient of two negative numbers can be a positive number.  Patterns such as the ones used in the investigation can help convince students.  If needed use the phrases “I am healthy and I am not healthy” – this phrase demonstrates how two negative parts cancel each other.  Likewise, two negative signs in a multiplication or division expression cancel each other.

Error Prevention – may be needed for some students.  Students may confuse the sign rules for addition, subtraction, and multiplication. Have students suggest a pair of integers with the same sign and a pair of integers with different signs.  For each pair, have students find the sum, difference and product.  Then have students discuss the signs of the results.

IV. Math Background – the rules for multiplying and dividing integers are really conventions.  They are used because they keep the number system consistent – they “make sense”.  Using patterns to establish such rules is a powerful tool in math.
Examples to use with whole class:
A. Simplify each expression

i. -9(-4) = 36

ii. 5(-2/3) = -10/3
B. Evaluate -2xy for x = -20 and y = -3 Answer -120
C. Real-World Application – You can use the expression -5.5(a/1000) to calculate the change in temperature in degrees Fahrenheit for an increase in altitude “a”, measured in feet.  A hot-air balloon starts on the ground and then rises 8000 feet.  Find the change in temperature at the altitude of the balloon.  Answer -44 degrees

D. Use the order of operations to simplify each expression.

i. -3^4 = -81

ii. (-3)^4 = 81

E. Simplify each expression.

i. 12 / (-4) = -3

ii. -12 / (-4) = 3

F. Evaluate (–x/-4) / (2y) / z for x = -20, y = 6 and z = -1.  Answer -17

G. Evaluate x/y for x = -3/4 and y = -5/2. Answer 3/10

V. Guided Practice – can use worksheet or textbook
VI. Independent Practice – use textbook or worksheet

VII. Closure – can use web self-quiz - online quiz at

http://www.phschool.com/webcodes10/index.cfm?fuseaction=home.gotoWebCode&wcprefix=aea&wcsuffix=0106
OR can use learn check document for TI-Navigator

(must have TI-Navigator and Instant Check System) – sample is attached but due to copyright can not publish the document)


OR when students finish the chapter – take an online vocabulary quiz  





at – 

http://www.phschool.com/webcodes10/index.cfm?fuseaction=home.gotoWebCode&wcprefix=aej&wcsuffix=0151
AND ask students to state the rules for multiplying and dividing real 
numbers in their own words.

Assessment Strategies:

In addition to verbal questioning and guided practice, group work can be assigned and a spokesperson can report to whole class during the investigation process.
Other assessment strategies include:

· Online self-quiz – see web address listed above and/or use online crossword puzzle for entire chapter vocabulary
· Student groups make posters displaying the patterns of Euler and then re-state the rules for multiplying and dividing real numbers using only signs. Students can use different colors to indicate positive and negative symbols.  Student groups can always write an example of each rule.

· Standard multiple choice/essay quiz – sample attached

· Standard paper-pencil work out the problem quiz – sample attached

Comprehensive Annotated Bibliography – Historical Sources related to Content:
Internet/Web references:

http://www-history.mcs.st-andrews.ac.uk/history/BioIndex.html

Excellent source for biographies of mathematicians.  This is part of the Mac Tutor History of Mathematics Archive, housed at the University of St. Andrews, Scotland.

http://scienceworld.wolfram.com/biography/topics/Mathematicians.html

Wolfram Research features many biographies of mathematicians at its Science World website.

http ://faculty.ed.umuc.edu/~swalsh/Math%20Articles/ASMDInt.html
This website is a sub-section of the link below.  This article deals with how to add, subtract, multiply and divide integers.  Ms. Walsh deals with the meaning of negative numbers along with examples of the rules for the basic operations for integers.
http://faculty.ed.umuc.edu/~swalsh/Math%20Articles/MathArt.html
This is an excellent website to view various cultures and their mathematical achievements and methods.  Site is divided into History, Basics, Algebra, Geometry, Trigonometry and Graphing Calculators.  Each section has an explanation and examples.  Authored by Shelley Walsh in 2000.
http://amby.com/educate/math/integer.html#mult-div
This website has explanations of the basic operations for integers along with  practice problems.  The practice problems provide instant feedback for students to do the practice online.
http://cte.jhu.edu/techacademy/web/2000/heal/mathsites.htm
This is a very neat website for students to explore and get extra help on homework and puzzles that are math related.  Site has sections for algebra, geometry, calculus, discrete math, statistics and probability and trigonometry.  Some sections have interactive sites with explanations and cool graphics.  Each section has individual web links to different topics within each section.
http://nti.educa.rcanaria.es/penelope/uk_confboye.htm
This site is authored by Anne Boye and contains papers on History of Science and Math.  This section includes some history of negative numbers, the use of negative numbers throughout history, some of the obstacles for students and mathematicians in the understanding of negative numbers.  The conclusion section of this website includes a pedagogical reflection on the history of negative numbers and its implications for today’s classroom.
http://www.mathpages.com/home/kmath298.htm
This site is part of the math pages.com website.  This section deals with the history of negative numbers and how mathematicians argued about the “existence” of negative numbers throughout history.

http://mathforum.org/library/drmath/view/52593.html
ask Dr. Math forum about negative numbers

http://mathforum.org/library/drmath/sets/high_negative.html
This website is part of Dr. Math website that deals with negative numbers.  Ask Dr. Math is a site where students, teachers and parents can “ask a professional” and receive expert explanations with examples on almost any mathematical topic.  Each question and answer is left online for all to view at any time.  There are links specific to grade levels along with a frequently asked question section.  My students have viewed it over the years but I have never know anyone personally who has asked a question so I’m not sure how rapid the reply – I would think by viewing some sample questions the reply time is relatively short – within one business day.

http://mathforum.org/library/drmath/sets/high_history.html
This is another section of Dr. Math that deals with the high school history/biography.  This site is good for integrating  math and history in the classroom. 

http://mathforum.org/library/drmath/view/52462.html
This section was a specific question for Dr. Math on ancient number systems – the writer was asking for information on African and Roman.  The reply was extremely detailed and listed other sites as reference.  This is dated June 1996.

http://www.phschool.com/webcodes10/index.cfm?fuseaction=home.gotoWebCode&wcprefix=aee&wcsuffix=2032
This website is part of the Prentice Hall Textbook site for the textbook used in my classroom.  Each chapter has a “Point in Time” reference section.  Chapter One’s reference deals with problems and methods of the ancient Egyptians.  This site offers other links.  The entire PH School website has practice problems, chapter reviews and short tutorials for the textbooks in any discipline.
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Check Skills You Will Need – Worksheet

Simplify each expression.

1. -2 + (-2) + (-2) + (-2) = ________

2. -5 + (-5) + (-5) + (-5) + (-5) = ______

3. -6 – 6 – 6 – 6 = _________

4. -12 – 12 – 12 – 12 – 12 – 12 = _______

Write the next three numbers in each pattern.

5. 2, 4, 6, ____, ____, ____

6. 6, 4, 2, ____, _____, ____

7. 12, 9, 6, ____, ____, ____

8. -18, -12, -6, ____, _____, _____

ANSWERS:

1. -8

2.  -25

3.  -24

4.  -72

5. 8, 10, 12

6. 0, -2, -4

7. 3, 0, -3


8. 0, 6, 12

Let’s Meet Leonard Euler – Student Pages

Leonard Euler was born in Basel, Switzerland on April 15, 1707.  He died in St. Petersburg, Russia on September 7, 1783.  Even as a young boy, he was showing signs of being a genius.  He graduated from college at age 15.  He attended the University of Basel.  He won a prize at the age of 19 at the French Academy.  He had never seen an ocean-going vessel but he had done an analysis of the optimum placement of masts on a ship.  He became blind in his right eye at 31 years of age and his left eye quickly followed.  As his left eye deteriorated, he reasoned with the fact that now “I’ll have fewer distractions.”  Despite being almost totally blind, by the age of 58, he had published nearly 900 papers.  He had an exceptional memory that helped him do detailed calculations in his head.  His secretary and his sons wrote his words for him as his eyesight weakened.

At the age of 26, he was given the position of chief mathematician at the St. Petersburg Academy of Sciences in Russia.  That same year he married Catherine Gsell and fathered 13 children.  His home burned down in 1771 and his life was saved by a heroic servant who carried him outside.  His last day was spent playing with his grandchildren and discussing the theories concerning the planet Uranus before suddenly having a stroke.  His final words were “I die.”  The St. Petersburg Academy continued to publish Euler’s backlog of papers for nearly 50 years after his death.

Let us look at two examples of Euler’s patterns for operations.

Euler often found mathematical rules by studying examples and looking for the pattern.  The first pattern below begins with positive numbers multiplied by +2.


5
4
3
2
1
0
-1
-2
-3
-4
-5

X
2
2
2
2
2
2
 2
 2
 2
 2
 2


10
8
6


After filing in the first few products in the third row, we see that the products decrease by 2 as we move from left to right and we can use this pattern to fill in the remaining blanks in row 3.  As we continue this pattern to the right of zero, we see that a negative number multiplied by a positive number results in a negative number product.


5
4
3
2
1
0
-1
-2
-3
-4
-5

X
2
2
2
2
2
2
 2
 2
 2
 2
 2


10
8
6
4
2
0
-2
-4
-6
-8
-10

If we switch the first two rows in the table (apply the commutative property), we get the fact that a positive number multiplied by a negative number results in a negative number product.


2
2
2
2
2
2
2
2
2
2
2

X
5
4
3
2
1
0
-1
-2
-3
-4
-5


10
8
6
4
2
0
-2
-4
-6
-8
-10

The next example begins with positive numbers multiplied by -2.  As we continue this pattern to the right of zero, we find that the product of two negative numbers must be a positive number.

5
4
3
2
1
0
-1
-2
-3
-4
-5

X
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2

-10
-8
-6
-4
-2
0
2
4
6

Now let’s see if we can establish some “rules” for this pattern we have observed.

Using what we have observed above, state the rule for each of the following.

A. The quotient of a negative quantity and a positive quantity.

B. The quotient of two negative quantities.

Show how you can use patterns to establish rules of operations for the following sums and differences.  Then write the rules for each.

C. Addition of a negative quantity and a positive quantity.

D. Addition of two negative quantities.

E. Subtraction of a positive quantity from a negative quantity.

F. Subtraction of a negative quantity from a negative quantity

Answers to “Let’s Meet Leonard Euler” Worksheet
A. The quotient of a negative quantity and a positive quantity.


10
8
6
4
2
0
-2
-4
-6
-8
-10
/
2
2
2
2
2
2
 2
 2
 2
 2
 2


5
4
3
2
1
0
-1
-2
-3
-4
-5

Fill in the 3rd row to the left of zero and the answers follow the rule that “a positive number divided by a positive number equals a positive quotient.”  As the pattern continues to the right of zero, we see that (-2)/(2) = -1 and (-4)/(2) = -2, the rule that a “negative divided by a positive equals a negative.”

B. The quotient of two negative quantities.


10
8
6
4
2
0
-2
-4
-6
-8
-10

/
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2


-5
-4
-3
-2
-1
0
1
2
3
4
5

Fill in the 3rd row to the left of zero and you find the rule “positive divided by a negative equals a negative quotient.”  As the pattern is observed to the right of zero, students can find “negative divided by a negative equals a positive.”
C. Addition of a negative quantity and a positive quantity.

5
4
3
2
1
0
-1
-2
-3
-4
-5
+
2
2
2
2
2
2
2
2
2
2
2


7
6
5
4
3
2
1
0
-1
-2
-3

To the left of zero the rule of “positive plus a positive equals a positive sum.  As the pattern continues to the right of zero, we find “negative plus a positive equals the difference of the absolute values of the two numbers (subtracting the smaller absolute value from the larger absolute value) with the sign of the number that is larger in absolute value used for the result.”

D. Addition of two negative quantities.

5
4
3
2
1
0
-1
-2
-3
-4
-5

+
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2


3
2
1
0
-1
-2
-3
-4
-5
-6
-7

Filling in the 3rd row to the left of zero uses the rule that “positive plus a negative equals the difference of the absolute values with the sign of the number being the larger in absolute value for the result.”  Filling in the row to the right of zero you find that a “negative plus a negative is the negative sum of the absolute values.”

E. Subtraction of a positive quantity from a negative quantity.

5
4
3
2
1
0
-1
-2
-3
-4
-5

-
2
2
2
2
2
2
2
2
2
2
2


3
2
1
0
-1
-2
-3
-4
-5
-6
-7

Row 3 is the ordinary small positive number being subtracted from a large positive number.  As the pattern continues to the right of zero, students see “positive subtracted from a negative equals the negative sum of their absolute values.”  Make sure the students compare this to problem D to see that “subtracting a positive gives the same result as adding a negative.”
F. Subtraction of a negative quantity from a negative quantity.
5
4
3
2
1
0
-1
-2
-3
-4
-5

-
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2


7
6
5
4
3
2
1
0
-1
-2
-3

The first few entries of the 3rd row require using “positive minus a negative equals the positive sum of their absolute values.”  As the pattern continues to the right of zero, students can see that “subtraction of a negative number from a negative number smaller in absolute value results in the positive difference of their absolute values, whereas subtraction of a negative number from a negative number larger in absolute value results in the negative difference of their absolute values.”  Remind students to compare their answers to what they observed in C – that subtracting a negative gives the same answer as adding a positive.
Guided Practice Worksheet with Answers
Example 1: Simplify each expression.

1. 4(-6) = -24

2. -10(-5) = 50

3. -4.9(-8) = 39.2

4. (-2/3)(3/4) = -1/2

Example 2: Evaluate each expression for c = -8 and d = -7.

5. –(cd) = -56

6. (-2)(-3)(cd) = 336

7. c(-d) = -56

Example 3: Weather

8. The expression -39 + (3/2)t where t is the actual air temperature, gives the approximate wind chill temperature when the wind speed is 20 miles per hour.  Find the approximate wind chill temperature for the given air temperatures with a 20 mile per hour wind.

a. 10 degrees F = -24 degrees F

b. -24 degrees F = -75 degrees F

c. -8 degrees F = -51 degrees F

d. 5 degrees F = -31.5 degrees F

Example 4: Simplify each expression

9. -4^3 = -64

10. (-2)^4 = 16

11. (-.3)^2 = .09

12. –(3/4)^2 = -9/16

Example 5: Simplify each expression

13. -42 / 7 = -6

14. -8 / -2 = 4

15. 8 / (-8) = -1

16. -39 / (-3) = 13

Example 6: Evaluate each expression for x = 8, y = -5 and z = -3

17. 3x / 2z + y / 10 = 4 ½

18. (2z + x) / (2y) = -1/5

19. 3z^2 – 4y / x = 29 ½

Example 7: Evaluate the expression for x = 8 and y = -4/5
20. x / y = -10

Learn Check Document Sample
1a. Simplify 4(-6).
1b. Simplify -10(-5).
2c. Evaluate c(-d) for

c = -8 and d = -7.

4b. Simplify (-2)^4.
5c. Simplify 8/(-8).
6c. Evaluate

3z^2 - 4y / x for x = 8,

y = -5, and z = -3.

7. Evaluate x/y for

x = 8 and y = -(4/5).

Each of these questions is a sample of the choices available with the Learn Check System.  These questions would appear on the students’ calculators and have multiple choice answers.  This learn-check document could be used as a self-checking document or teacher checked document.
Sample Multiple Choice Quiz

Patterns of Operations for Integers
Multiple Choice
Identify the letter of the choice that best completes the statement or answers the question.
Simplify the expression.
____
1.
–6.5(–4.9)

	a.
	–16.25
	b.
	–31.85
	c.
	–12.25
	d.
	31.85


____
2.
[image: image1.png]



	a.
	–32
	b.
	16
	c.
	–10
	d.
	32


____
3.
[image: image2.png]



	a.
	20
	b.
	125
	c.
	–625
	d.
	625


____
4.
[image: image3.png]



	a.
	36
	b.
	–72
	c.
	72
	d.
	–36


____
5.
Evaluate x(–y + z) for x = 3, y = 3, and z = 1. 

	a.
	–6
	b.
	10
	c.
	12
	d.
	–8


____
6.
The expression [image: image4.png]7055




can be used to calculate the change in temperature in degrees Fahrenheit for an increase in altitude a, measured in feet. A plane starts on the ground and then rises 23,000 ft. Find the change in temperature at the altitude of the plane.

	a.
	126.5 degrees
	c.
	–125 degrees

	b.
	–126.5 degrees
	d.
	125 degrees


____
7.
The product of two negative numbers is ____ positive.

	a.
	always
	b.
	sometimes
	c.
	never


____
8.
–12  (–2)

	a.
	24
	b.
	–6
	c.
	–24
	d.
	6


____
9.
Evaluate [image: image5.png]


 for m = –4, n = 2, and p = 1.5.

	a.
	–10
	b.
	–19
	c.
	–30
	d.
	–22


____
10.
If a is a negative number, then [image: image6.png]


 is ____ equal to –1.

	a.
	always
	b.
	sometimes
	c.
	never


____
11.
Evaluate [image: image7.png]


 for a = [image: image8.emf]6

 and b = [image: image9.emf]2

.

	a.
	[image: image10.emf]12


	b.
	[image: image11.emf]3


	c.
	[image: image12.emf]4

3


	d.
	[image: image13.emf]12




Essay

12.
a. Simplify the following expressions.

[image: image14.png]



b. What is the sign of the final answer when the exponent is odd? When the exponent is even?

c. Use your answer from part (b) to simplify [image: image15.png]


.

Patterns of Operations for Integers

Answer Section
MULTIPLE CHOICE

1.
ANS:
D




2.
ANS:
A




3.
ANS:
C




4.
ANS:
D




5.
ANS:
A



6.
ANS:
B



7.
ANS:
A



8.
ANS:
D



9.
ANS:
C



10.
ANS:
C


11.

ANS:
B


ESSAY

12.
ANS:


	[4]
	a. –1, 1, –1, 1, –1

b. The sign of the final answer is negative when the exponent is odd. When the exponent is even, the sign of the final answer is positive.

c. –1

	[3]
	(a) and (b) correct

	[2]
	(a) and (c) correct, but (b) missing or incomplete

	[1]
	only (a) correct


Sample Quiz with Answers
I. Simplify

1. -8(-7) = 56

2. -6(-7 + 10) = -22

II. Evaluate each expression for m = -3, n = 4 and p = -1.

3. (8m/n) + p = -7

4. (mp)^3 = 27

5. mnp = 12

6. Evaluate 2a / 4b – c for a = -2, b = -1/3 and c = -1/2.  Answer 3 ½

