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Lesson Abstract:


Negative numbers have caused problems for mathematicians for centuries.  In fact, negative numbers were generally ignored in the math community until well into the 1800’s. Third century Chinese and Greek mathematicians and 7th century Indian mathematician gave rules for adding and subtracting negative numbers.  Many European mathematicians living centuries later, however, would argue that a negative number was less than nothing and therefore useless or did not exist. It was not until the 1800’s that negative numbers were accepted in the mathematical community as a whole.  In today’s classroom, operations with negative numbers are problematic for some students.  If we can expose our students to some of the struggles and obstacles that the ancient mathematicians faced, they just might identify more with mathematics and have more motivation to learn.  In fact, introducing history into the math classroom can bring a human side to math as students see the progression of mathematical thought over the centuries.  This lesson is designed to introduce students to one of the earliest civilization’s numeral system for counting, adding and subtracting.  In the 4th century BC, the Chinese civilization utilized a number system referred to as Shang numerals that were used with counting boards. Chinese mathematics and the Shang numerals evolved as a problem based system that was concise and based on need as in land measurement, architecture, trade, and taxes.   Numbers were represented by rods of bamboo or ivory on a counting board. A counting board consisted of a checker board with rows and columns. A number was formed in a row with the ones placed in the right most column, the tens in the next column to the left, the hundreds in the next column to the left, etc.  The counting board represented a place value system.  This lesson, therefore, will not only reinforce the operations of addition and subtraction with integers, including negative integers, but also let the students discover an ancient Chinese system for adding and subtracting integers as well.
Chinese Shang Numerals and Counting Board Lesson Plan

Objectives: 


The objective of this lesson is to reinforce addition and subtraction of integers, including negative integers by investigating the ancient Chinese Shang numerals. The lesson, therefore, will allow students to discover an ancient method of writing numbers from a different culture’s perspective.  They will learn how to add and subtract with these ancient numbers thus providing a deeper understanding of place value, the importance of zero as a placeholder, and operations with integers, including negative.  
PROFESSIONAL STANDARDS
AMATYC Standards Addressed:

Source:  Crossroads Revisited (CR-R), Version 6.0 10/11/2004, Chpt. 5, page 29

· Teaching selected topics in depth and connecting topics to big ideas.

· Preparing significant projects that require students to work collaboratively.

· Connecting curriculum development to disciplines outside of mathematics.

Place in NC Mathematics Curriculum

Community College, Developmental Math, Essential of Mathematics, Math 060.
Student Skills
Students must be familiar with the rules of addition and subtraction of integers.  In addition, students must know whole number computations including carrying and borrowing and the place value of digits.
Teacher Preparation:

Materials needed:
· Red and black construction paper, cut into 1x1/4 inch strips for counting rods (40 of each color for each group).
· Copies of the Chinese Shang Numerals Activity, the Chinese Counting Board, and the Chinese Counting Board Activity for each student.

· Review the Activities to become familiar with the Shang Numerals.  Shang numerals used a base 10 place value system.  Numbers greater than 9 were represented by alternating the vertical and horizontal forms of the numerals 1 through 9.  Therefore, the vertical form was used for ones, hundreds, ten thousands, etc.  The horizontal form was used for tens, thousands, hundred thousands, etc.  Counting rods represented these numbers and the Shang numerals in horizontal and vertical form are on the student activity pages. A zero would be represented by an open space between two vertical rods, or two horizontal rods.  
· Review the Chinese Counting Board Activity.  For the counting board, red rods represent positive numbers and black rods represent negative numbers.  On the counting board, each square on the far right is a ones place, next going left are the tens places, hundreds places, etc.  Most counting board had at most 6 squares.  This activity has 4 squares, so numbers as large as thousands will be used.
Key Words:

· Shang Numeral: The number system in China dating back to at least the fourth century BCE.  The Shang numeral system is a base ten system with numerals formed by arranging counting sticks within squares of a counting board.
· Whole numbers:  The set of positive numbers with 0 included.
· Integers:  The set of whole numbers and negative numbers.

· Counting Board:  A board with squares representing from right to left, ones place, tens place, hundreds place, etc.  The counting boards were used in conjunction with counting rods in the Shang numeral system to add and subtract.

· Red Rods:  Positive numbers in the Shang numeral system.

· Black Rods: Negative numbers in the Shang numeral system.

Lesson Outline:
Identify Objectives:


The objective of this lesson plan is to have students work together to learn about an ancient number system the Shang Numeral System and to reinforce the operations of addition and subtraction of integers, including negative integers.  The activity is from The Story of Negative Numbers, by J. Beery, G. Cochell, C. Dolezal, A. Aauk, and L. Shuey, in Historical Modules for the Teaching and Learning of Mathematics, Mathematical Association of America, Washington, DC, 2003.
Background:  


Shang numerals date back to at least the fourth century BCE according to found artifacts, but historians believe they might have been used at least ten centuries before, during the Shang Dynasty ( 16th -11th centuries BCE)  The Shang numerals form a base 10 place value system.  The numerals are formed by arranging counting sticks or rods on the squares of a counting board.  Numbers greater than 9 were represented by alternating the vertical and horizontal form for the numerals 1 through 9.  The vertical form was used for ones, hundreds, ten thousands, etc., and the horizontal form was used for tens, thousands, hundred thousands, etc.  A counting board consisted of a checker board with rows and columns. A number was formed in a row with the ones placed in the right most column, the tens in the next column to the left, the hundreds in the next column to the left, etc. Negative numbers were used on counting boards.  The red counting rods represented positive numbers and black counting rods represented negative numbers.  If different colored rods were not available, a diagonal rod across the last digit of the numeral could represent a negative number.  Therefore, the Chinese did not seem to object to using negative numbers in computations.  They thought of the negatives in terms of debt – the amount to be paid, or the amount subtracted from another quantity. Most counting boards had at least 6 squares across.  A counting board master was said to have performed computations in a flurry of waving arms as he quickly removed and replaced counting rods.  It was like a dance to numbers.  Due to the space on paper, our counting board with this activity is 4 squares across.
Teacher Input
1.  Tell the students that they will be working on an activity today in which they will be learning about the number system that was used in China in at least the 4th Century BCE and maybe as much as ten centuries before.  Read them the historical background found at the beginning of this lesson plan.
2.  Break the class into groups of 2.  
3.  Each group should be given approximately 40 red construction paper rods and 40 black construction paper rods.
5.  Hand out The Chinese Shang Numeral Activity, The Chinese Counting Board, and The Chinese Counting Board Activity sheets.

Guided Practice

 Start with the Chinese Shang Numerals Activity Student Pages.  Review the vertical form and the horizontal form of Shang Numerals.  Explain to the students that the vertical form was used for ones, hundreds, ten thousands, etc.  The horizontal form was used for tens, thousands, hundred thousands, etc.  The vertical and horizontal forms will alternate when creating a number.  Work through example 1 and 2 with the students. 
Independent Practice

Have the students work in groups to complete the Chinese Shang Numerals Activity.  Review the answers with the class after all groups have had time to complete the activity.
Guided Practice

Move to the Chinese Counting Board Activity.  Work through example 1 and 2 with the students.

Independent Practice

Have the students work problems 1 through 5.  Review as a class the answers once every group has had a chance to complete the worksheet.

Closure
· Discuss the similarities in our number system today with that of the Chinese Shang numeral system.
· An extra credit assignment would be to have students investigate how multiplication and division was carried out on the counting board to present to class.  Also, extra credit could be awarded for student investigations of other counting devices such as the abacus.
Assessment Strategies
· Each student will independently turn in an activity sheet.  The activity sheet will be graded and counted as a quiz/lab grade.  The answer key is attached in this lesson plan.
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Inscriptions on bones, called “oracle bones” containing symbols for numbers have been found from the Shang Dynasty (16th -11th century BC).  The inscription recorded war activity from numbers of men killed to the number of days they had been in war.  These symbols or numerals were later represented by rods on a counting board.  The numerals were made with a combination of horizontal and vertical marks.  The board is arranged in squares, each row representing a number.  The Shang numerals were a base 10 system, so each square in the row represented a digit, the far right square was the ones digit, the next square to the left was the 10’s digit, the next the 100’s and so forth.  An empty square represented 0.  The vertical forms of the numerals were for the ones, hundreds, ten thousands, etc, and the horizontal form was for the tens, thousands, etc.  Negative numbers were used on counting boards.  The red counting rods represented positive numbers and black counting rods represented negative numbers.  If different colored rods were not available, a diagonal rod across the last digit of the numeral could represent a negative number.  Therefore, the Chinese did not seem to object to using negative numbers in computations.  They thought of the negatives in terms of debt – the amount to be paid, or the amount subtracted from another quantity.
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A brief history of negative numbers is presented.  The text states that Christopher Columbus discovered America more that two centuries before negative numbers were accepted by the mathematical society.  It was about the time of the Civil War that negatives numbers were fully accepted.  Chinese mathematicians 3000 years ago used negative numbers in adding and subtracting.  The Greek mathematicians ignored negatives.  In fact Diophantus wrote a whole book on solving equations and negative numbers were ignored.  In India, Brahmagupta recognized negatives in the 7th century, and stated rules for adding and subtracting.  The European mathematic society made major strides toward acceptance of negative numbers after the Renaissance, with the fields of astronomy, navigation, and even commerce as motivators.  In the 16th century, Viete, however, was still calling negatives false solutions.  By the mid 18th century, negative numbers were finally accepted.
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The Chinese civilization from 1030 BC to 1644 AD was largely isolated from the mainstream mathematical thinking.  The Chinese system was base 10, decimal numeral system with rod numerals, counting boards, and magic squares from the earliest times.  The ancient civilizations were built around the rivers, the Yangtze and the Hwang Ho.  The records of the math and language of these civilizations was recorded on bamboo.  The bamboo did not last over the centuries; therefore the world today has very little in the form of primary sources from this time period.  In addition, the Emperor Shi Huang –ti, in 213 BC was reported to have ordered a book burning.  However, many books were later restored from memory.  In ancient China, in the Shang period, some inscriptions have been found in bone and tortoise shell that reveal a decimal system.  Arithmetic was carried out with bamboo sticks on counting boards.  From the counting board came the Chinese abacus, moveable beads on parallel rods.  According to the text, it is not known when the abacus was introduced.  The earliest mention is found in 1436, although it could be much earlier.  In the year 263, Liu Hui revised the Jiuzhang Suanshu (Nine Chapters on Mathematical Art), a book that contains much of what we know today about Chinese mathematics.   The Jesuit missionaries infiltrated China in the early 1600’s and China was no longer isolated from the rest of the world.
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The article stated that the ancient Chinese used math to solve the practical problems of their world such as building, moving, and farming.  In some areas, the ancient Chinese civilizations may have been the most advanced of their time.  The author makes the statement due to the evidence that Chinese used irrational and negative numbers earlier than Europeans.  It appears that the Chinese emphasized the how versus other civilizations such as the Greek that emphasized why.  However, it appears that more of the ancient civilizations resembled the Chinese more than the Greeks according to the author.  The article also presents a parallel between the developments of mathematical thinking with the way that an individual’s mind develops.  The argument, therefore, is that there are many concepts that we take for granted, such as negative numbers, which had a long, long road to acceptability in the math world.  Maybe, by knowing the history of the development of math concepts, teachers will be more understanding of the students who have difficulty understanding those concepts as well.
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The author is advocating incorporating the history of mathematics into the math classroom.  Five arguments are presented in favor of including history in the curriculum.  The arguments are as follows:  to increase motivation in students and hopefully develop positive attitudes toward learning; to help teachers be aware of past obstacles in the development of math, which may help explain student difficulties; historical problems can help develop student’s problem solving skills; to help students see the human side of the great mathematical minds; and math history can give teachers a guide to teaching.  After expounding on the arguments, the author states that we do not have empirical studies that quantify the benefits of history in the classroom, but is personally convinced of the benefits, and was hopeful of studies in the future that provide data to support his conclusion.
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Negative numbers have caused problems for mathematicians for centuries.  Negative numbers were generally ignored in the math community until well into the 1800’s.  In India, negative numbers represented debt, and in the 6th century Brahmagupta development rules for adding, subtracting, multiplying and dividing negative numbers.  At the same time, however, another Indian mathematician, Bhaskara thought negative solutions were inadequate.  In China, in the 3rd century, black and red counting rods were being used to add and subtract negative numbers.  In Europe, negative numbers were acknowledged in Islamic texts, but thought to be useless.  It was not until the 1800’s that negative numbers were accepted in the mathematical community as a whole.
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http://www-groups.dcs.st-and.ac.uk/~HistTopics/Chinese_numerals.html

Chinese mathematics evolved as a problem based system that was concise and based on need as in land measurement, architecture, trade, and taxes.  In 1899, at an archeological dig, bones and tortoise shells were found inscribed with Chinese letters.  The site is the village of Xiao dun in the An-Yang district of Hunan province which was the capital of the kings of the late Shang Dynasty (14th century BC to 1045 BC).  The markings showed numerals from wars representing the number of men killed or prisoners taken.  The numerals also represented addition, subtraction, and multiplication.  The symbols evolved over time.  A second form of Chinese numerals developed around the 4th century BC, referred to as Shang numerals that were used with counting boards.  It appears that counting boards were uniquely Chinese. A counting board consisted of a checker board with rows and columns.  Numbers were represented by rods of bamboo or ivory.  A number was formed in a row with the ones placed in the right most column, the tens in the next column to the left, the hundreds in the next column to the left, etc.  The counting board represented a place value system.  The biggest problem with the notation from the rods was rods moving slightly from one square to another or not being placed centrally.  To compensate, the Chinese alternated between a vertical form, horizontal form, vertical form, horizontal form, etc.  There was no need for zero, as a square was simply left blank.
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Solution to Chinese Shang Numerals Activity:
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