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Abstract

Eratosthenes (276-194 BCE) computed the circumference of the Earth by merely assuming that the suns rays strike the Earth as parallel lines.  Using the fall of shadows with his knowledge that the Earth was a sphere and knowing the properties of parallel lines, he constructed ratios which allowed him to estimate the entire circumference of the Earth amazingly to near accuracy.  Today our students can pick up a calculator and there before them is a button with pi on it.  To get the circumference of any round object, they merely use this and the radius doubled, or the diameter, and pop out an answer.  


This activity will be used as a further exploration of circumference.  We have already derived the formula for circumference in a previous class.  We will examine Eratosthenes’ method and find the circumference of the Earth.  Knowing a formula to find circumference by using the diameter multiplied by pi, we will also compute the diameter of the Earth.  This will show the students that even without an understanding of the exact value of pi, and without even using pi, the ancient Greeks could still measure the circumference of the Earth to amazing accuracy.  We will also discuss, however, the importance of the location of Greece with respect to great circles, being that ancient Greece and Egypt (since he did work in Alexandria) were so very close to the equator, the most commonly used great circle around the Earth.
Just How Big is the Earth Anyway?
Objective:  The objective of this lesson will be two-fold:

A) Students will explore alternative methods to finding the circumference of a circle.  We have already examined using pi multiplied by twice the radius (or one diameter).  They will see that mathematicians of the past have not always used the same methods we have used today, whether that is a result of lack of knowledge or merely alternative methods.  The students will see, however, that these mathematicians (namely Eratosthenes for our purposes) were incredibly accurate with their measurements.

B) Students will further explore the relationship of circumference and diameter.  We will use the estimated circumference of the Earth in order to estimate the diameter of the Earth.  Students will then research this topic over night to see how close we were using Eratosthenes’ methods.
Standards Addressed:

9-12 Geometry (from NCTM standards):

Students must use properties of parallel lines which relate directly to finding the circumference of a two-dimensional object (circle).  They will then discuss the relevance of this in terms of the three-dimensional Earth (should understand that the circumference of our circle must be that of a great circle in order to be the maximum circumference of the Earth).

We will analyze Eratosthenes’ conjecture of a method to find the circumference of the Earth by examining scientific sources which give data for the actual circumference of the Earth.  We will discuss whether or not Eratosthenes’ method is valid or if we should do away with it.  (Specifically, were his rounding estimations his way of correcting his errors or was it truly a scientific rounding or was it actually just a mistake?)  In the end, we will critique Eratosthenes’ argument that his estimate is correct.
We will investigate Eratosthenes’ conjecture of the circumference of a circle (great circle of a sphere) by examining his location in the world (using a bit of spherical and polar geometry).

We will be using compasses and protractors in our measurements (drawing and constructing representations of two- and three-dimensional geometric objects using a variety of tools).

We will examine the cross sections of a sphere in our talk about the great circles of a sphere and specifically if Eratosthenes was estimating a great circle or not.

Students must also make a decision about units and scales which we will use to measure the circumference of the Earth.  We must also think of a ratio scale in this experiment.

Students will analyze Eratosthenes’ precision, accuracy and approximate error as well as their own.

We will be using the formula for circumference of a circle.  We will also extend this activity to include the area for finding the volume of a sphere.

Just How Big is the Earth Anyway?

Lesson Outline

We have just finished our section on finding the circumference of circles.  At the end of yesterday’s lesson, I began to talk about great circles of a sphere in order to lay the groundwork for using that vocabulary in today’s lesson.

Teachers should distribute the handout titled “The Original Experiment”, a write-up about Eratosthenes’ experiment from 
http://www.phys-astro.sonoma.edu/observatory/eratosthenes/
Give students time to read over this hand out or read aloud as a class.

Discuss with students how we today could possibly measure the circumference of the Earth.  Answers may include such things as taking measurements in space, using the orbit of a satellite around the Earth to measure similar circles and compare the radii of the two to get a ratio to find circumference, or possibly just by measuring the circumference using navigation of both sea and land.  Students should understand that regardless of the method used, the process could be very tedious and inaccurate.

The lesson today will provide students with and understanding of how even today we could use the same methods as the ancient Greeks to find the circumference of the Earth to amazing accuracy without ever even using pi.

This lesson should take a full 90 minute block to complete and may potentially run over into the next day’s class.  Be prepared for the latter to happen.

Students should try to come up with an experiment using their knowledge of how Eratosthenes estimated the Earth’s circumference.  You may want to encourage them to merely find two points as far apart as possible on the school campus and measure from there.  Have them find some method of calculating the circumference and have them record both their experiment and results.  You may want to incorporate a prize of some sort to the group which can accurately describe their experiment and get the closest to Eratosthenes’ estimate.

IMPORTANT NOTE:  STUDENTS SHOULD FAIL IN THEIR CALCULATIONS!!!  Well, at least if you are doing this in North Carolina, they should most likely fail.  The reason Eratosthenes was successful was because either he understood great circles of the Earth or he got really lucky.  I would venture to guess that he had a great understanding of great circles.
Once students have recorded their experiments and results, bring the class back together for a discussion.  Have them talk about why they failed and why Eratosthenes may have been successful.  Have students recall our discussion of great circles yesterday.  Bring up a world map and point out the areas of Egypt which Eratosthenes studied.  Make sure students realize that with his error corrections, Eratosthenes was measuring a true great circle which was basically the equator.

Bring up a map of the state of North Carolina and have students discuss what other city we might be able to travel to in order to come up with a measurement that would give us the circumference of a great circle.  Check their understanding to be sure they know a great circle does not have to be the equator and is certainly not a latitude line.

Upon completion of your discussion, hand out the “Eratosthenes:  Circumference of the Earth” Student Page and have students work in their groups to answer the six questions on the page.

In addition, have students use Eratosthenes’ estimation to estimate the diameter of the Earth with their knowledge of a formula to find circumference of the Earth.  You may need to help them set up the equation.

Have students find the Volume of the Earth once they have found diameter.

For an extension, see if students can go home and find on the internet or in a book what scientists estimate to be the volume of the Earth.

The Original Experiment

Eratosthenes of Cyrene (275-194 B.C.) was a Greek scholar who lived and worked in Cyrene and Alexandria. Eratosthenes was director of the famous library in Alexandria, and is known for numerous important contributions to mathamatics, geography, and astronomy. In particular, he is remembered for a technique he introduced which enabled him to compute the first reliable determination of the true size of the earth.

This technique is based on the observation by Eratosthenes that the sun is directly overhead at noon in Syene in southern Egypt on the first day of summer. (This is the time of the summer solstice.) While visiting Syene Eratosthenes apparently stopped at a well and noted that the noon sun reflected directly back from the water in the bottom of the well.

Since Eratosthenes knew that the earth was a sphere, he correctly reasoned that if he could determine the altitude of the noon sun at some other location on the first day of summer, AND if he knew the distance between these two locations, he could compute the circumference of the earth as a simple ratio. This principle is illustrated in the following illustration, along with a sketch of a reconstructed map of the world as known by Eratosthenes.
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The Eratosthenes Technique for Determining the Size of the Earth
 

When Eratosthenes returned to Alexandria, being a good astronomer, he knew he could wait until next year on the first day of summer and measure the altitude of the noon sun. Then since he had kept track of how far he had traveled from Syene to Alexandria, he could determine the circumference and the diameter of the earth.

Now, in reality, Eratosthenes, being a good administrator, probably had assistants measuring the altitude of the noon sun on a regular basis from Alexandria, so he could probably simply consult the records of solar observations from Alexandria. However he actually obtained the data, the difference between the noon sun elevations at Syene and Alexandria on the first day of summer was approximately 7 degrees. Furthermore, Eratosthenes probably did not need to measure the distance between the locations since he had the reliable geographic data accumulated by Alexander The Great.

The Computations
Here is a diagram the shows the details of the computations. Here theta is the difference in the elevation or altitude of the sun, and D is the distance between the two observing locations. Note that this equation correctly describes the situation even if one of the observing locations does not happen to have the sun at the zenith. We just need to have the difference in the altitude of the sun observed at the same time from two different locations.
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The World Map
While Eratosthenes certainly prepared numerous maps of the world as it was known by the people of his time, none have survived. He was also the author of several books. Unfortunately, none of his work has survived. We only have descriptions of his work as recorded by others. The following illustration is one of the best available reconstructions of a world map according to Eratosthenes. It is based on descriptions of the Eratosthenes map as provided by Cleomedes and Posidonius, both of whom were able to view the original Eratosthenes map.
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Map of the World According to Eratosthenes
Eratosthenes’ Size of the Earth Activity 
Student Page 
The first reasonably accurate calculation of the circumference of the earth was made by the Greek mathematician Eratosthenes (276-194 BCE), who also was an astronomer, geographer, poet, and historian. Eratosthenes knew that at the summer solstice, the sun shown directly down a well at Syene, Egypt, as shown in the diagram below (Burton, 194). At exactly the same time, a pointer, or pole, in Alexandria, Egypt, 5000 stades (or stadia) north of Syene, cast a short shadow, as shown in the diagram. (Such a pointer in Syene would not cast a shadow.) Eratosthenes measured the angle α between the top of the pointer and the line of its shadow, and found it to be or (see the diagram). A stade (stadium in Latin) was an ancient Greek unit of measurement, equal to approximately 516.73 feet (Burton, 194). Since the sun is so far from the earth, Eratosthenes assumed its rays were parallel to one another, as shown in the diagram. 

1. Explain why the angle at the center of the earth has measure α = . 

2. What fraction of 360° is ? 

3. Estimate the circumference of the earth in stades. 
4. Use the facts that one stade is equal to approximately 516.73 feet and that 5,280 feet equal one mile to estimate the circumference of the earth in miles. 

5. Today, geographers estimate that the circumference of the earth is about 25,000 miles. What are some of the reasons that Eratosthenes’ estimate was not precise? 

6. If the circumference of the earth is 25,000 miles, what is the diameter of the earth in miles? Explain.
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