Sincethetwo papers, The Contact of a Cubic Surface with a Ruled Surface
and Some Remarks on Ruled Surfaces, published by Wilkinsin the 1940’ s contain
information about Ruled Surfaces and Cubic Surfaces, it isimportant that we
under stand these surfaces.

Ruled Surfaces

Cylindersand Cones
Aswas noted before, some basic examples of a ruled surfaceinclude
cylindersand cones. These are classified as such becausethey are created by

sweeping a straight linearound a curve. A cylinder, for example, is
formed when a normal lineto a circle sweeps ar ound the cir cumfer ence of that
circle. Conesare created by sweeping alinein acircular motion from a single point.
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‘ It issmpleto visualize the line that sweeps around the curvein both the
cone and cylinder, but there are some other ruled surfacesthat arenot aseasy to
identify.

Hyperboloid and The Equation

Thereisan equation that can be used to discover whether or not a surfaceis
ruled. Theequation used to definearuled surfaceisx(s,v)=a(t)+v*w(t), tLll and
vOR wherea(t) isthe curve, and w(t) isthe vector which sweeps around the curve.
It is easy to explorethisequation by using an hyperboloid. Thecurvein the
hyperboloid on which the line sweepsisa circle. In thiscase, wewill use the unit
circle, x*>+y*=1. Thiscan bewritten as a(s)=(cos(s), sin(s), 0). To find w(s), we use
the equation w(s)= a’(s) + € where e’isa unit vector of the z-axis. o’ (s)=(-sin(s),
cos(s), 0),
so w(s)=(-sin(s), cos(s), 0) + (0,0,1) = (-sin(s), cos(s), 1). Goingtotheoriginal
equation, we get x(s,t)=(cos(s), sin(s), 0)+v(-sin(s), cos(s), 1). By simplifying,



X(s,t)=(cos(s)-v*(sin(s), sin(s)+v*cos(s),v). If we substitute these formulasfor x,y,
and z, in x*+y?>-z* = 1, after, simplification, we get, 1+v*-v® Because x*+y*z*=1 and
1+v2-v?=1, we know x*+y?*-z* = 1 must be aruled surface[2].

Hereisa pictureof a building that isan hyperboloid from Japan in the

1940’s.

Saddle Surface

Another ruled surfaceisa saddle surface, or hyperbolic paraboloid. Saddles
surfaces are called this because their shaperesemblesthat of a saddleused in riding
horses or bicycles. The saddle equation, shown here, isdefined as kz=x*+y"*. A
saddleis created by sweeping aline about a hyperbola. Another equation for a
hyperbolic parabloloid is z=kxy. The parametric equation of the saddle surfaceis
created in much the same way asthe hyperboloid. After taking theintersection of
the family of curvesin the z =0 plane, one gets a(t)=(t,0,0) and w(t)=(0,1/kt). By
using the formulafor aruled surface, we get, x(t,v)=(t,v/(sqrt(1+k?t?)),vkt/(
sgrt(1+k%?))). If we usethe equation z=kxy to check the parametric equation, we
get

vkt/( sgri(1+k??) = k* t*v/(sqrt(1+k?t?)).

Sincethisisobvioudly a true statement, we know x(t,v) isan accurate
parametric equation of thissaddle surface. Thefollowingisa pictureof a saddle

surface.
Helicoid

The equation for the helicoid isy=x*tan(z/k). Visually, itissimilar tothe
double helix form of DNA. The helicoid is created by sweeping a vector about a
circlesimilar to the sweeping line of the hyperboloid. Thedifferenceisthat at the

sametimeasthelineisrotating about the curve, the z values of theline are also
increasing. In other words, the vector goesup asit sweeps around.



Cubic Surfaces

The other form of surfaces discussed in the papers by Wilkinsis cubic surfaces.
The cubic surfaceisa surfacethat can be defined by a third degree polynomial in
three-dimensional space. One example of a cubic surfaceisx"3+y"3+z"3=1.
Algebraic propertiesare used to study these figures. Oneimportant fact about
cubic surfacesistheidea that each one has exactly twenty-seven straight lineson it.
It istrue, however that in regular, three-dimensional space, all of these lines cannot
beeasily seen. To"“see” all of thelineson a surface, it isnecessary to use a complex,
three-dimensional space.

Papers

In hisresearch, Wilkins used the definitions and theor ems about both ruled
and cubic surfacesto prove theorems about their relatedness. He used a general
form of any ruled surface and at timesin his second paper, dealt with Cayley’s
cubic. Wilkinsexplored the waysin which the two types of surfaces contacted each
other. Thisincluded the number of places wherethey werein contact. Wilkinsused
power seriesexpansion to provethetheoremsin hispapers.



