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Two Real Eigenvalues

Real Distinct Nonzero Eigenvalues A; # A,
For the system %17 —AY:

1. Determine A's eigenvalues, A1 and A, the roots of the characteristic
polynomial Char(A) = det(A — AT).

2. Determine an eigenvector V; for each eigenvalue A; by solving
(A —AI)v¥ =0 for ¥ choosing convenient values for the parameter.

3. Then the general solution to the differential equation is

Y’(t) = Clelltl_)'l + Czelzt Vo

4. The two “straight line” solutions to the differential equation are

=

L=Vt and L, =t forteR

<
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http://mathworld.wolfram.com/Eigenvalue.html
http://www.mcs.csueastbay.edu/~malek/Class/Characteristic.pdf
http://www.mcs.csueastbay.edu/~malek/Class/Characteristic.pdf
http://www.sosmath.com/matrix/eigen2/eigen2.html

A's Possibilities
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A Repeated Eigenvalue A #0
A£0

A is a root of multiplicity 2 of A's characteristic equation det(A — ATI) =0.
Case |. A=AL

e Every vector is an eigenvector
e The general solution is:

17([) _ Clem [(1)} JrCzelt [(1)] — M [61}

&
e Star node: pos/neg A gives unstable/stable

Case Il. A #AL

e One eigenvector ¥, so only one straight-line solution.
e The general solution requires a “generalized
eigenvector” ¥,: solve (A —AI)V=V;. Then

?([) = Cleltvl Jng[eltVz

e Hyperbolic Star node: pos/neg A gives
unstable/stable
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http://en.wikipedia.org/wiki/Generalized_eigenvector
http://en.wikipedia.org/wiki/Generalized_eigenvector

Case |. A

A's Possibilities: Star Node

= Al
Stable: 1 <0

-2 0
0 -2

Unstable: 1 >0

[\
©

A=

(==
[\8}

NNNNN NV I e NN A

\\\\\\\\ti:jjj//////// NANANANANANANANN WL s
NNSSNNANNANN N St v vreeee NANANANANANANANN WSS s s
SSSSSAAANNNF (/7 v svorer NNNANANANNNAGY S S s
R A N R SNSNANANNNNN S e
B N NN PP T T T T T S B O B
e NN N P R P N N T T A
ﬂﬂﬂﬂﬂﬂ RRNN AR NN
. p 2 £ RN AN, [
R 2 4 L TN NN ,,/,,/,/;? ?:\\\\\\\\
PR A A | | U U NN NG R b A A BN
cmmmm s 77T PANN N NN N N R Y N T NN
PR R A i L AN VNN VA NANENENEN D A EEEN NN NN
PV YRR NN ENNENNEN P R NN
P AV A Bl R R U U U W N N N NN Y YN R N
VA avavay il AR N R IR U U U U N N NN NN R S (N

Sink, Stable

Source, Unstable

Every line through 0 is a straight line solution.
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A's Possibilities: Hyperbolic Star Node

Case Il. A # A1
Stable: 1 <0 Unstable: 4 >0

A O e

Sink, Stable Source, Unstable
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A Repeated Zero Eigenvalue

/11:0and 12:0

A = 0: The trivial system solution is Y (r) = & Every point is an
equilibrium.

A #0: Then det(A) =0 and Tr(A) =0 gives (if a; | #0)!

aij aip
A = 2 ?
—aj /a1y —ai,

0. g o a = —a
A's single eigenvector is vV = [ a:ﬂ

The general solution is

Y(t) = (c1 + cat) ¥+ 7o

where ¥y is a constant vector. Y (¢) reduces to a line.

MAT 3130: 7-14
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A’s Possibilities: Double Zero

0
Unstable: A;

A#O but ),1:(),12

=0=X

—2x) of unstable equilibrium points.

Line (y

Every nontrivial solution is a straight line parallel to the line of equilibria.

v
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A Zero and a Nonzero Eigenvalue A #0

ﬂ,l =0 and 12 75 0
If A 0 and det(A) =0:
L 1120 and lzZTI‘(A)#O.

o An eigenvector for A; =0 is V| = [72?}

Then L= {_Zif]t is a line of equilibrium points.

e An eigenvector for Ay = Tr(A) is ¥, = [Z;]

The general solution is

Y(t) =c \714-6261?\72 = —a —l—czelzl apn
apn a1

}
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A's Possibilities: A Zero and a Nonzero A

Ai=0and A, #0
Stable: 1, <0 Unstable: 1, >0
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Complex Conjugate Eigenvalues A and A4

A=a+biand A =a—bh
e The eigenvalues are complex when Tr(A)? < 4det(A)

A = L Tr(A) + 41y /4det(A) — Tr(A)?

e When Ay = a+bi, Euler's formula? implies the general solution is
Y (1) = &% cos(bt) + & sin(br)
= ¢ () cos(bt) + ¢ sin(br))

e Then
a > 0: Spiral source, unstable

a=0: Periodic (an ellipse), stable

a < 0: Spiral sink, stable

v
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Complex Possibilities

Ar=atb
l. a<0 Il. a=0 . a>0
—2 2 1 3 3 —6
b= -1 -1 = -3 -1 b 2 -1
Spiral Sink, Stable Periodic Spiral Source, Unstable
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Summary of the Summary
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The parabola, the discriminant of the characteristic equation, is p* —4q =0 where

p=Tr(A) and g =Det(A).
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Sidebar: Euler's Formula

Euler's Formula

Leonhard Euler's formula® (c.1740)

e = cos(x) +zsin(x),
for x € R, is a consequence of the identity 1x = In(cos(x) +sin(x)) that
Roger Cotes discovered in 1714.

Proof.

1. Polar representation gives z = rcos(0) + rzsin(0) in the complex
plane C

2. Differentiate w.r.t.0 so that %z = —rsin(0) +ricos(0) =iz

Separate variables: dz/z =1d6.

10+c 6

= W

And integrate: In(z) =10 +c giving z=¢ =cé

5. The boundary condition of z = r for (r,0) = (r,0) shows ¢c; =r.

y

. . . . MAT 3130: 14-14
3Note: ¢* is a periodic function!


http://www-history.mcs.st-and.ac.uk/Biographies/Euler.html
http://www-history.mcs.st-and.ac.uk/Biographies/Cotes.html

