Formulas: Euler's Method

Initial Value Problem: y' = f(z,y) and y(fo) = yo
TaYLOR'S THEOREM:  y(11) = y(to) +)' (to)h + 3" (§)h?

d
DIFFERENTIATING f(t,y): If y' = f(t,y), then! y/ = — + ==y

ot dy
vl =t +h
EULER’S METHOD STEP: ntl =t .
Yn+1 =Yn+Yy (tnayn)h
ONE-STEP ERROR: €=y, —y() (error = predicted — actual)

ONE-STEP ERROR BOUND:  If [y/'| <M, then |e] < ¥h?

ToTAL ERROR BOUND: If [y’| <M and C = (1, —1))M,
then |er| < C-h= 6O(h) = 6(1/n)

LFrom df = 9 dr+ 9 dy.

Intro to Differential Equations (MAT 3220) Fall '13 1/8


http://www-history.mcs.st-and.ac.uk/Biographies/Euler.html

Formulas: Heun's Method
Initial Value Problem: y' = f(z,y) and y(fo) = yo

HEUN’S METHOD STEP: Let my = f(t,,yn) and set y, =y, +mh. Then
find mg = f(ty+h,yp). The step is:

Iny1 = th+h
Y+l =Yn+ % [mL+mR]h

(Heun's is a predictor-corrector method:
¥ < predictor; mp <« corrector)

ONE-STEP ERROR BOUND:  If [y’| < M, then |g| < ¥ i

TorAL ERROR BounD: If |y’| < M, then |er| = O(h?*) = €(1/n?)
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http://www-history.mcs.st-and.ac.uk/Biographies/Heun.html

Formulas: Maple Code

Maple Code for Solving y' = f(t,y) when y(t9) = yo

Euler := (Ph) — [Pi+h, P,+ f(P1,P) - h;
Heun := (Ph) — [P +h, Po+ L - (f(P,P) + f(PL +h, Py + f(P1,P2)-h))-h]

DESolve := proc(z0, tn, y0, h, Method)
local N, Pts, i;
global f, Euler, Heun;
N := ceil((tn—10)/h);
Pts := [t0,y0], Method([t0,y0],h);
for i from 2 to N do
Pts := Pts, Method (Ptsli],h);
end do;
return([Pts]);
end proc:

» Example: First define f(t,y) =0.05y-(1—y/5). Then
theEulerPts := DESolve(0, 5.0, 3.0, 0.5, Euler);
theHeunPts := DESolve(0, 5.0, 3.0, 0.5, Heun);

plot( [theEulerPts, theHeunPts]);
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Formulas: Runge-Kutta Methods

Initial Value Problem: y' = f(z,y) and y(fo) = yo

RUNGE-KUTTA METHOD STEP: Let k1 F(tn, yn),

f(
(t 2ayn+k1'%)'
(tn +
(tn

1, z,yn+k2'%)y

f
f
f +h yn+k3 h)

Then
Yni1 =Yn+ - (ki +2ky +2k3 + k) - h

ONE-STEP ERROR BoUND: If [y¥)| <M, then |e| < C -1

ToTAL ERROR BoUND:  If [y¥)| < M, then |er| = O(h*) = 0(1/n?)
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http://www-history.mcs.st-and.ac.uk/Biographies/Runge.html
http://www-history.mcs.st-and.ac.uk/Biographies/Kutta.html

Formulas: RK4 Maple Code

RK4 Maple Code for Solving y' = f(t,y)
RK4 := proc(P, h)

local k, Q;

ki == f(P, Pp);

ky = f(P1+h/2, Py +ki-h/2);

ks .= f(Py+h/2,P,+ky-h/2);

ky := f(Py+h, P, +k3-h);

Q = [Pi+h, P+ (ki +2ka +2ks + kg) - h];
return(Q);

end proc:

» Example: First define f(t,y) =0.05y-(1—y/5). Then find y(5) when yp = 3:
t0,tn,y0,h ;= 0,5.0,3.0,0.5;

theRK4Pts := DESolve(:0, tn, y0, h, RK4);

plot([theRK4Pts]);
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Comparison
Comparing the Methods

Method Order

Basis Cost

Euler's method O(1/n)  Left endpoint integration Low
Heun's method O(1/n?) Trapezoid rule Medium

Runge-Kutta method?>  &(1/n?) Simpson'’s rule High

Test Case

Apply each of the methods to the initial value problem

y=9y-(1-y), yo=125
to calculate y(10) beginning with 7z = 0.29.

2|f you're curious about the derivation of RK methods, see, e.g., Runge-Kutta Methods
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http://nptel.iitm.ac.in/courses/111104030/pdf_lectures/lecture9.pdf
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Formulas: Systems

Using Numerical Methods for Systems
Simply apply the method using all variables in the step formula:
'(t) = f(¢ o) =
xl( )=flxy) Ly J(o) =xo0
Y1) =g(t,x,y) ¥(t0) = Yo
is approximated with Euler's method by
Iny1=1In +h

Xn41 = Xp +f(tnaxna)’n) “h
Ynt+1 = Yn +g(tnaxnayn) “h

We can use the Maple function
EulerSystem := [P, h| = [P1+h, P+ f(P, P, P3)-h, Ps+g(P1, P, P3) - h;

NB: Numerical methods can be applied to a higher order DE by converting it to a system:

V' +at)y +b(t)y=f(t) = {
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