Secant Method Error Bound

Theorem (Secant Method?)

Suppose f has 2 continuous derivatives on a neighborhood B of a root r.

Set
Xn —Xn—1

J ) = f (1)

Xn+1 = Xn _f(xn) :
and let xo € B(r,8). Then x, — r and

|r—ns1] < €5 lr | r =21
|ent1] < csleal - |Enm1] (< C-leaf20+Y9)

that is, ‘x, converges to r superlinearly.”

Yn Ars Magna (1545), Cardano showed the “De Regula Libera Positionis”

(based on the ancient Double Rule of False Position) could be iterated. MAT a0


http://en.wikipedia.org/wiki/Ars_Magna_(Gerolamo_Cardano)
http://www-history.mcs.st-and.ac.uk/Biographies/Cardan.html
http://www.jstor.org/discover/10.2307/27953786?uid=3739256&uid=2129&uid=2&uid=70&uid=4&sid=21101643426253
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Proving the Error Bound, |
Proof (sketch).

1. Set &, =r—ux,.
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1The form used here for Xn+1 has two bad subtractions for computation!
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Proving the Error Bound, Il

(Proof (continued).)
2. By Taylor's thm (with a =r and h = —¢,):
fOn) =f(r—&) = @-f’(’)gn +3f"(r) &r+0(e})

=0

v

MAT 4310: 3



Proving the Error Bound, Il

(Proof (continued).)
2. By Taylor's thm (with a =r and h = —¢,):
Fln) = fr=&) = f(r) =f (Nen+ 1 f"(r) &5 + O(&7)
nry

So
f(xn)

= — £+ L £ (1) &+ O(e})

(2)

v

MAT 4310: 3



Proving the Error Bound, Il

(Proof (continued).)
2. By Taylor's thm (with a =r and h = —¢,):
J () = f(r— &) :f\(:)/—f’(r)gn +3f"(r) &r+0(e})

So -
f(£xn) — () + L () &+ O(ED)
and
f(xnfl)

=—f(r)+ 5 f(r) &1+ 0(g1 )

(2)

(3)

<

MAT 4310: 3



Proving the Error Bound, Il

(Proof (continued).)
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(Proof (continued).)
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3. Put (4) into (1), then maximize the expression.
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