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Definition 1 A Groupis a pair{.X; -} such that
1. “.” is closedon X.
2. “-”Is associativen X.
3. Thereis an identity € X (w.r.t. “.”).

4. Every element € X has an inverse " (w.r.t. “-7).

Definition 2 ARingis a triple { X; +, -} such that
1. {X:;+} is anAbelian group
2. {X;-}is asemigrouplacks identity and inverses).
3. “.” distributes over “4-".
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Definition 3 A Fieldis a triple {X; +, -} such that
1. {X;+,-}isaring.
2. {X7:.} is anAbelian groupwhereX# = X — {0}.

Definition 4 A Vector Spacas an Abelian group
{X;+} over afield{ F; +, - } with ascalar product
FxX—X. Fora,fe Fandx,y € X,

1. a(z+y) = az + ay
2. (a+ B)r = ax + Px
3. (af)r = a(fx)

4. lx =«
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Definition 3 (Field) LetF # () be a set with addition 4" X x X — X
and multiplication “”: F' x X — X. Then{F’; +, -} with the operations
forms afield if the following axioms are satisfied:

r+y=y+z,r-y=y-x commutative laws
v+ (y+z)=(@+y) +2z z-(y-2)=(x-y) 2z associative laws
There is a unigue elemehsatisfyingd + z =«  additive identity
To eachr, 9 a unique—z such thatr + (—z) = 0  additive inverse
There is a unigue elemensatisfyingl - ¢ = « mult. identity
To eachr # 0, 3a uniquez—! suchthatr -z =1 mult. inverse

r-(y+z)=x-y+x-=z " over “+” distributive law

N o A L M P
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. ©Q, R, andC are fields.
. Z1s nota field. Why?)
Letp be a prime. Thei, is ap-element field.

. Q[V2]|={a+bv2]|a,be Q}is afield.
. Z|V2|={a+bv2 ]| a,b e Z} isnota field. Why?
. Q[V3]={a+bV/3+cV32 | a,b,c € Q}is afield.

. Zyli], p is prime, is a field (withp* elements).

N o g A~ W N R
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Definition 4 (Vector Space) Let X # () be a setyectorg and F' be a field
(scalar$ with vector additiort +”: X x X — X andscalar multiplication

“7 F x X — X. ThenX and F' with the operations forms @ector spac¢or
linear spacg “ X is avector spacever F';" if the following axioms are satisfied:

l. z4+y=y+=x commutative law
2. 4+ (y+z2)=(x+y)+z2 associative law
3. There is a unigue vectorsatisfyingd + =z = x ‘zero vector,’ identity
4. afz +y) =ax + ay scalar *” over vector “+” distributive law
5. (a+ fB)x = ax + fx scalar 4" over scalar “” distributive law
6. (af)r = a(fr) scalar homogeneity
/7. 0x =0 scalar-vector additive identity relatiom{plied by 5)
8. lx==x scalar-vector multiplicative identity relation
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1. Letn € Z*. ThenQ", R"®, andC" are vector spaces.

2. Letn € Z*. ThenP”, the polynomials (real or complex) of degree
less than or equal to, forms a vector space.

3. Zo X Zo X Zso IS a Vector space.
4. LetF be afield andh € Z*. ThenE™ is a vector space.

5. LetM,,«, be them x n matrices with entries in a field' with
componentwise addition and scalar multiplication.

6. Let K C R be aclosed interval. Thefi(K'), the continuous
real-valued functions o/A” form a vector space.

7. LetO C R be an open interval. Thefi' (O), the continuously
differentiable real-valued functions @nform a vector space.
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Definition 5 (Group Homomorphism) Let{X; +x}
and{Y: +y } be two groups withh : X — Y. Thenpis a
homomorpismiff

p(r1 +x ®2) = p(71) +y p(T2)

Definition 6 (Ring Homomorphism) Let{X;+x, -x}
and{Y; +y, -y} betwo rings withp : X — Y. Thenp s
a homomorpismff

p(r1 +x 22) = p(71) +v p(22)

p(x1 -x 12) = p(x1) v p(2)
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Definition 7 (Linear Transformation) LetX andY be
vector spaces over the same fiégldThen the relation
p: X — Y Is alinear transformationf and only if for
everya € F andzy, x9 € X, It follows that:

p(r1 +x ®2) = p(71) +y p(T2)

plac- 1) = a - p(z1)
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