Rank & Nullity
-

Definition 1 (Rank and Nullity of a Linear Transformation)
LetT € L(X,Y).

# The rank p of T Is the dimension of the range space;
p(T) = dim(R(T))

# The nullity v of T' is the dimension of the nullspace;
v(T) = dim(N(T))

=

Corollary 1 (Fundamental Theorem of Linear Algebra)
Let T € L(X,Y) where dim(X) = n. Then

p(T)+v(T)=n

Pf.
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“Affine Nullspace”
-

fCorollary 2 LetT e (X,Y)where dim(X) < oo, and let
B ={z1,...,zs} be abasis for N(T) so that dim(N(7T") = s.
Then

1. avector x € X satisfies T'(x) = 0 iff there is a unique

S

set of scalars a; s.t. x =) .| ajzy,

2. avector yg € Y isIin R(T) iff there Is at least one vector
r e X st yg=T(x),

3. ifvectors xp € X and yg € Y are s.t. T'(z¢) = yo, then
r € X satisfies T'(x) = yo Iff there is a unique set of

scalars 5; s.t. x = xo + >_:_q Bixi.

Pf.
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Inverses

fTheorem 3 LetT € L(X,Y). T
1. T ! exists iff T'(z) = 0 implies x = 0; i.e., N(T) = {0}.
2. If T-1 exists, then T-! € L(R(T), X).

Pf. 1. (<) Assume NY(T') = {0}. Then T'(x1) = T'(x2) <
T(x))—T(re)=0=T(x1—22) =021 —220 € NT) &
1 = I9.

(=) Now assume that 7! exists and that 7'(x) = 0. Since
T(0) =0, then T(xz) =T(0). Whence x = 0.

2. Assume that 7' is nonsingular and that T'(x1) = y1,

T(x2) = y2. Then T7H(yy +yo) = T~ (T(21) + T(22)) =

T T(x1+a2) =21 +x2=T Y1)+ T (y2). Fora € F,
LT_l(ozyl) =T Y aT(z1)) = T YT (azx1) = ax1 = T Hy1). J
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Examples
. o

xample Set 1

® lLetT([a,b]) = 1 (2) la, b]. Show T'is nonsingular.
6 3] o
® Let S(la,b]) = 5 1 la,b]. Show T'Is singular.
. dp . .
® D:P — Pdefined by D(p) = o 1S singular.
X

® ISZ:P — Pdefined by Z(p) = [ pdz nonsingular?

® IsT([a,b]) =|a+b,0,a —b,0,0] invertible?
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