
Linear Functionals

Definition 1 Let X be a vector space over F . Then
f ∈ L(X,F ) is called a linear functional.

Example Set 1

Let f ∈ C[a, b]. Then F (f) =
∫ b

a
f(t) dt is a linear

functional.

Let f ∈ C[a, b] and choose k ∈ C[a, b]. Then

Fk(f) =
∫ b

a
f(t)k(t) dt is a linear functional.

Let f ∈ C[a, b] and x0 ∈ [a, b]. Is df
dt

(x0) a linear
functional?

Let F be a field. The mappings proji : Fn → F for
i = 1..n given by proji

(

[α1, α2, . . . , αn]
)

= αi are linear
functionals. φ =

∑

αi proji is also a linear functional.
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Vector Space of Linear Functionals

Definition 2 Let X be a vector space over F . Define
Xf = L(X,F ). When f ∈ Xf is evaluated at the vector

x ∈ X, we use the notation f(x)
∆
= 〈x, f〉. Using x′ in place of

f ∈ Xf , we see

(f1 + f2)(x) = 〈x, x′

1 + x′

2〉
∆
= 〈x, x′

1〉 + 〈x, x′

2〉

= f1(x) + f2(x)

and

(αf)(x) = 〈x, αx′〉
∆
= α〈x, x′〉

= αf(x)

Theorem 1 Xf = L(X,F ) is a vector space over F called
the algebraic conjugate of X.
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Algebraic Conjugate Basis

Theorem 2 Let X be a vector space with basis
B = {e1, . . . , en} and let {α1, . . . , αn} be a set of arbitrarily
chosen scalars. Then there is a unique linear functional
x′ ∈ Xf such that 〈ei, x

′〉 = αi for i = 1..n.

Pf. (∃) For every x ∈ X, we have unique scalars ξi such that
x =

∑

n ξiei. Define x′ ∈ Xf by 〈x, x′〉 =
∑

n αiξi. If x = ei for
some i, then ξi = 1 and ξj = 0 for every j 6= i. Hence
〈x, x′〉 = αi; i.e., 〈ei, x

′〉 = αi.

(!) Suppose 〈ei, x
′

1
〉 = αi and 〈ei, x

′

2
〉 = αi for i = 1..n. Then

〈ei, x
′

1
〉 − 〈ei, x

′

2
〉 = 0 for i = 1..n, and so 〈ei, x

′

1
− x′

2
〉 = 0 for

i = 1..n. This implies that x′

1
= x′

2
.

Definition 3 (Kronecker Delta) Set δij =

{

1 if i = j

0 if i 6= j
.
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Intro to Linear Algebra MAT 5230,§101 – p. 3/3

javascript:history.go(-1)

	Linear Functionals
	Vector Space of Linear Functionals
	Algebraic Conjugate Basis

