L inear Functionals

fDefinition 1 Let X be a vector space over F'. Then T
f e L(X, F) is called a linear functional.

Example Set 1
® Let f €Cla,b]. Then F(f) = fff(t) dt 1s a linear
functional.
® Let f € Cla,b] and choose k € Cla,b]. Then
Fe(f) = [7 f()k(t) dt is a linear functional.

® Let f € Cla,b] and zg € [a,b]. Is Y (x0) a linear
functional?
# Let I be afield. The mappings proj, : F™* — F for
i = 1..n given by proj; ([al, as, ... ,an]) = o are linear
L functionals. ¢ = ) «a; proj, Is also a linear functional. J
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Vector Space of Linear Functionals

- .

efinition 2 Let X be a vector space over F. Define
X/ = L(X,F). When f € X/ is evaluated at the vector

r € X, we use the notation f(z) 2 (x, f). Using 2’ in place of
fe X/, we see

(fi+ fo)(x) = (&2 +ab) 2 (w,2}) + (w, zh)
= fi(z) + fa(x)
and

2 oz(:z:,:z:'>

(af)(@) = (z,az')
= af(z)

Theorem 1 X/ = L(X, F) is a vector space over F called
Lthe algebraic conjugate of X. J
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Algebraic Conjugate Basis
B

fTheorem 2 Let X be a vector space with basis
B={e,...,ep}andlet{ay,...,a,} be a set of arbitrarily
chosen scalars. Then there is a unique linear functional

r' € X7 such that (e;, z') = o; fori = 1..n.

Pf. (3) For every x € X, we have unique scalars &; such that
r=> &e;. Define v’ € X/ by (z,2") =3 a;&. If 2 = ¢; for
some i, then & =1 and &; = 0 for every j # i. Hence

(x,2') = ay; 1.e., {e;, 7)) = ay.

(1) Suppose (e;, ) = a; and (e;, x4,) = «; for i = 1..n. Then
(ej, ) — (ei,x5) = 0fori = 1..n, and so (e;, z7 — x}) = 0 for

i = 1..n. This implies that z = x5,

1 ifi=
0 ifi£j
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LDefinition 3 (Kronecker Delta)  Set 9;; = {

(Go Back)


javascript:history.go(-1)

	Linear Functionals
	Vector Space of Linear Functionals
	Algebraic Conjugate Basis

