
2
1
.
B
ilin
ea
r
F
u
n
ctio

n
a
ls

R
e
c
a
ll:
W
e
h
a
ve

a
+

bi
=

a
−

bi
fo
r
a
n
y
c
o
m
p
le
x
n
u
m
b
e
r.

D
e
fi
n
itio

n
3
2
(C
o
n
ju
g
a
te
F
u
n
c
tio
n
a
l)

Let
X

be
a

vector
space

over
C

.A
m

apping
g

:
X

→
C

is
a
c
o
n
ju
g
a
te

fu
n
c
tio
n
a
liff

g(α
1 x

1
+

α
2 x

2 )
=

α
1
g(x

1 )
+

α
2
g(x

2 )
for

all
x

i ∈
X

and
α

i ∈
C

D
e
fi
n
itio

n
3
3
(B
ilin
e
a
r
F
o
rm
)

Let
X

be
a

vector
space

over
C

.A
m

apping
g

:
X

×
X

→
C

is
a
b
ilin
e
a
r
fo
rm

or
b
ilin
e
a
r
fu
n
c
tio
n
a
lifffor

allx
,x

i
and

y,y
i ∈

X
and

α
i ,β

i ∈
C

1.
g(α

1 x
1
+

α
2 x

2 ,y)
=

α
1
g(x

1 ,y)
+

α
2
g(x

2 ,y)

2.
g(x

,β
1 y

1
+

β
2 y

2 )
=

β
1
g(x

,y
1 )

+
β

2
g(x

,y
2 )

T
hatis,

g
is
lin
e
a
r
in
th
e
fi
rs
t
va
ria
b
le

and
c
o
n
ju
g
a
te
lin
e
a
r

in
th
e
s
e
c
o
n
d
va
ria
b
le.

In
tro
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L
in
ear

A
lg
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ra
M
A
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5
2
3
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,
§
1
0
1
–
p
.
7
4
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7

E
x
a
m
p
les

E
x
a
m
p
le
S
e
t
2
0

1.
Let

X
=

C
2

and
g

be
given

by

g(z
1 ,z

2 )
=

R
e(z

1 )R
e(z

2 )
+

I
m

(z
1 )I

m
(z

2 ).

2.
Let

X
=

R
2

and
h

be
given

by

h
(x

,y)
=

!x
·!y

=
x

1 y
1
+

x
2 y

2 .

3.
Let

X
be

a
vector

space
over

C
and

let
P
,Q

∈
X

f.

T
hen

k
(x

1 ,x
2 )

=
P

(x
1 )Q

(x
2 )

is
a

bilinear
functional.

4.
T

he
conjugate

ofa
bilinear

functionalis
also

a
bilinear

functional.
I.e.,

h
(x

,y)
=

g(x
,y).
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D
efi
n
itio
n
s

D
e
fi
n
itio

n
3
4

Let
X

be
a

vector
space

over
C

and
g

be
a

bilinear
functionalon

X
.T

hen
for

allx
,y

∈
X

,

g
is
s
y
m
m
e
tric

iff
g(x

,y)
=

g(y,x
).

g
is
p
o
s
itive

iff
g(x

,x
)≥

0.

g
is
s
tric
tly
p
o
s
itive

iff
g(x

,x
)
>

0
w

henever
x
&=

0.

g̃(x
)

=
g(x

,x
)

is
the

q
u
a
d
ra
tic
fo
rm

in
d
u
c
e
d
b
y

g.

E
x
a
m
p
le
2
1

F
or

h
:
R

2
→

R
ofE

xam
ple

S
et20,N

o
2,the

induced
quadratic

form
is

h̃
(x

)
=

h̃
([x

1 ,x
2 ])

=
x

21
+

x
22 .

T
h
e
o
re
m
4
8

Let
g

be
a

bilinear
functional.

T
hen

g(x
,y)

+
g(y,x

)

2
=

g̃

(
x

+
y

2

)
−

g̃

(
x
−

y

2

)
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D
efi
n
itio
n
s,
II

D
e
fi
n
itio

n
3
5
(P
o
la
riz
a
tio
n
)

Let
X

be
a

vector
space

over
C

and
g

be
a

bilinear
functionalon

X
.T

hen

g(x
,y)

=

[g̃

(
12
(x

+
y) )

−
g̃

(
12
(x

−
y) )

]

+
i [g̃

(
12
(x

+
iy) )

−
g̃

(
12
(x

−
iy) )

]

T
h
e
o
re
m
4
9

Let
g

and
h

be
bilinear

functionals
on

the
com

plex
vector

space
X

.If
g̃

=
h̃
,then

g
=

h
.

T
h
e
o
re
m
5
0

A
bilinear

functionalg
on

a
com

plex
vector

space
X

is
sym

m
etric

iff
g̃

is
real.

(G
o
to
T
O
C
)
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