23. Inner Product Space Examples
B 1 o

Example 1 Let X = Cc[0, 1] and set (£, g) = /0 oror

1
1. (t2+it,1—it):/ (2 it) (Lt itydt = o
0

2. (t* +it, 36t + (2t — 25)i) = 0, thence it follows that
(t? +it) L (36t + (2t — 25)7).
1

1 :
3. (627T/~c7j757 627rm't) _ / 627T(k—n)z'tdt _ ? 6—2m’(n—k)t

So (e?mhit g2ty — 5, Thus £ = {e?™" : n € Z} forms
a set of mutually orthogonal functions.
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fExample 2 Let X = Cgr|0,27] and define the inner product T
21

(f.9)= [ f(t)g(t)dL.

0

27
1. (t2+t,1—t):/ (% + ) (1 — t)dt = 202(1 — 272)
0

2T
2. (cos(kt),cos(nt)) = / cos(kt) cos(nt)dt = g5kn- So
0
{cos(nt) : n = 0..00} IS @ mutually orthogonal set.

3. Set cos(t) = z. Then cos(nt) = cos(n arccos(x)) becomes
a polynomial in . The inner product becomes

9 (11 1

| gy =2 | JWalt) =i o
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fExample 2

(3.) Set T, (x) = cos(narccos(x)). Then (Ty,T},) = dr,, SO that
{T,,,n =0..00} forms an orthogonal set of polynomials.
The first few Chebychev polynomials are Ty(x) = 1 and

Ti(x) =x

To(z) = 22° — 1

T3(z) = 42° — 3z

Ti(z) = 8z* — 8% + 1

Ts(z) = 162° — 202> + 5x
(z) =

3229 — 482* 11822 — 1
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