
2
6
.
V
ecto

r
S
p
a
ces
&
M
a
trices

B
a
c
k
g
ro
u
n
d
.
L
e
t
X
b
e
a
ve
c
to
r
s
p
a
c
e
o
ve
r
th
e
fi
e
ld

F
a
n
d

le
t
d
im

(X
)

=
n

<
∞

.

T
h
e
n

X
∼=

F
n

T
h
e
n
,
g
ive
n
a
b
a
s
is

B
X
,
e
a
c
h

x
∈

X
c
a
n
b
e
w
ritte

n
a
s

x
=

[α
1 ,...,α

n ]B
X
in
“b
a
s
is
o
rd
e
r”
(ro
w
o
r
c
o
l
fo
rm
a
t
a)

L
e
t
T
∈

L
(X

,Y
).

T
’s
a
c
tio
n
o
n
B

X
,
i.e
.,
th
e
s
e
t
T

(B
X

),
c
o
m
p
le
te
ly
d
e
te
rm
in
e
s

T
(x

)
fo
r
a
n
y

x
∈

X
.

L
e
tB

Y
b
e
a
b
a
s
is
fo
r
Y
.
T
h
e
n
th
e
re
is
a

m
atrix

T
b
a
s
e
d

o
n
B

X
a
n
d
B

Y
,
s
o
th
a
t

y
=

T
(x

)
=


a
11

a
12

···
a
1
n

....................

a
m

1
a

m
2

···
a

m
n 

×



α
1...

α
n 

a
“C
o
lu
m
n
”
an
d
“ro
w
”
v
ecto

rs
are

artifi
ces

to
aid

th
e
arith

m
etic.
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E
x
a
m
p
les
a
n
d

T
=

[T
]

E
x
a
m
p
le
S
e
t
2
8

1.
Let

X
=

R
2.T

hen
[1,2]{[1

,0],[0
,1]}

=
[−

1,1]{[1
,1],[2

,3]} .

2.
Let

X
=

P
2

w
ith

the
“standard

basis”{e
i
=

t i}.
x

=
[1,2,3]

=
1

+
2t

+
3t 2

3.
Let

D
:
P

3
→

P
3

be
differentiation.

T
hen,w

ith
the

standard
basis

{1,t,t 2,t 3},

D

(
[

αβγδ ])
=

[
0

1
0

0
0

0
2

0
0

0
0

3
0

0
0

0 ]
· [

αβγδ ]
=

[
β2
γ3
δ0

]

D
e
fi
n
itio

n
4
0
(T
h
e
m
a
trix

o
f
T
)

IfB
X

=
{e

j }
and

B
Y

=
{f

i },
then

T
=

[a
ij ]w

here
a

ij
=

p
ro

ji (T
(e

j ))
w

ith
p
ro

ji
:
Y

→
Y

being
the

projection
on

the
ith

coordinate
of

Y
w

.r.t.B
Y
.
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T
h
e
M
a
trix

o
f
T

E
x
a
m
p
le
S
e
t
2
9

Let
T
∈

L
(R

2,R
2)

given
by

T
([x

1 ,x
2 ])

=
[x

1 −
x

2 ,x
1

+
x

2 ].

1.
U

se
the

standard
basis

for
both.T

hen
T

=
[

+
1
−

1
+

1
+

1 ]
.

2.
U

se
B

X
=

{[1,1],[2,3]}
and

B
Y

=
{[1,2],[4,3]}.T

hen

T
=

[
1
25
−

25
3
75
−

25 ]
.

—
W

e
now

return
you

to
the

regularly
scheduled

program
.—

D
e
fi
n
itio

n
4
1
(C
o
o
rd
in
a
te
re
p
re
s
e
n
ta
tio
n
)

Let
x
∈

X
and

letB
=

{e
1 ,...,e

n }
be

a
basis

for
X

.T
hen

there
are

unique
scalars

ξ
j

such
that

x
=

∑
j
ξ
j .W

rite
x

in
c
o
o
rd
in
a
te

re
p
re
s
e
n
ta
tio
n

w
ith

respectto
the

basis
B

as
x

=

[
ξ
1...ξ
n ]

B

.
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T
h
e
T
ra
n
sitio

n
M
a
trix

E
x
a
m
p
le
3
0

LetB
=

{e
1 ,...,e

4 }
be

the
standard

basis
for

R
4.S

etB
∗

=
{[1,2,1,0],[3,3,3,0],[2,−

10,0,0],[−
2,1,−

6,2]}.
T

hen,for
x
∈

R
4,define

T
B

∗→
B

by
[
e
1

...
e
4]so

[x
]B

=

[
1

3
2

−
2

2
3
−

10
1

1
3

0
−

6
0

0
0

2

]
×

[x
]B

∗

H
ence

[x
]B

∗
=

[
1

3
2

−
2

2
3
−

10
1

1
3

0
−

6
0

0
0

2

]
−

1×
[x

]B
=


5

1
−

6
−

2
72

−
53
−

13

73

1
12

12
0

−
12

−
1

0
0

0
12


×

[x
]B

Q
u
e
ry
:
H
o
w
is
a
ve
c
to
r
in

B
1
c
o
o
rd
in
a
te
s
e
x
p
re
s
s
e
d
in

B
2

c
o
o
rd
in
a
te
s
?
C
a
n
o
f
c
a
k
e
:
u
s
e

T
B

1 →
B

2
=

T
−

1
B

2 →
B
×

T
B

1 →
B

(G
o
to
T
O
C
)
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