27. Rank of a Matrix
-

T._.smoqmq: 57 LetT € L(X,Y) where dim(X) =n and
dim(Y) = m. The p(T) = r iff there are bases Bx and By
such that

T = 0... 01 0...0 VSHQHBA%Q

| ]
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The Rank Theorem Examples

. ]

xample Set 31

1. Consider T € L(R? — R?). Then T must have one of
the forms below (assuming proper choice of bases):

[6906], [o00l, [660]
Explain why.

2. Consider T € L(R? — R*). Then T must have one of
the forms below (assuming proper choice of bases):

100 100 100 000
010 010 000 000
001> 000 (> 000> 000
000 000 000 000

f Explain why. L
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The Rank Theorem Proof

T._.smo_.m:_ 57 LetT € L(X,Y). Then p(T) =riff T=[#9]. J
Pf. (<) Let r = p(T"). Choose a basis for 91(T") of n — r vectors
listing it as {e,11,€e,19,...,e,}. Extend this basis to all of X as

Bx ={ei,e2,...,€er,€r41,...,6n}. Calculate F = {T(e;) |i = 1..r}

which forms a basis for 53(7"). (Thm 3.4.25) Extend F to a basis By

by adding vectors {f;+1,--., fm}- (Thm 3.3.44) Then
fi=Ter=0)fi+O)fo4-+0)fr +(O0)fry1+ -+ (0)fim
fo=Tea=(0)fr + (W) fa+--+(0)fr +(0)frt1+ - +(0)fm

fr=Te, = (O)fs + (0)fa + -+ (o + (0)frsr -+ (0)frn
0=Terr = (0)fs + (O)fa -+ (O)fy + (O) frgs + -+ (0)fon

0= Ten = (0)fr 4+ (0) fat -+ (0)fr + (0)foss + -+ + (0)fm
B N
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