28. Rank & Algebra of Matrices

T_u..\._“m::_o: 42 Let A € M,,,, be the matrix of A € L(X,Y) J
w.r.t. the bases Bx and By . The rank of A is the largest
number of linearly independent columns in A.

Theorem 58 Let A, B, and C be comparable/conformal
matrices and let o, 5 € F. Then
1. (A+B)C=AC+BC
AB+C)=AB+ AC
A(BC)=(AB)C
(a+ B)A = aA + A
a(A+B)=aA+aB
(aA)(BB) = (aB)(AB)
A+B=B+A
(A+B)+C=A+(B+C) L
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Algebra of Matrices
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heorem 59

1. The zero matrix 0 = [0;;] represents the zero transform
0(x) = 0 for every basis.

2. The identity matrix I = [;;] represents the identity
transform I(x) = x for every basis.

3. The matrix A is nonsingular iff the transform A is
nonsingular.

If A is nonsingular, then A~! is unique.

If A,, and B,, are nonsingular, then (AB)~! = B~ 1A,
rank(A,) =nifandonly if (A, =0< 2 =0).
ForAco, setA"=A-A--..- - A&A ™= (AHm
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Partitioned Vectors & Matrices

T_um::_o:_:@ a vector or matrix can be very useful and is
natural in direct sums. E.g.,

T1 air a2 b1 A A iA
m 118121 A1
T2 |, |a2 a2ibxn |, A TALTTAL
DU 21 A22i Ao
3 c11 c12 i d1n

Theorem 60 Let P € L(X, X) be a projection and
dim(X) = n. Then there is a basis for X = R(P) & N(P) s.t.
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29. Similarity & Equivalence
-

Ab hinc: X and Y are vector spaces over F' with dim X =n
and dim(Y) = m.

Theorem 61 Let Bx = {e1,...,e,} be a basis for X and let
P = [p;;] be ann x n matrix. Setej =3, pjre;. Then
v =1{€},..., €, }isabasis for X iff P is nonsingular.

Pf. Calculation based on the linear independence of By.

Definition 43 Let P be the matrix of Thm 61, then P is the
matrix of B w.r.t Bx.

Theorem 62 P is the matrix of B} w.r.t By iff P~!is the
matrix of Bx w.r.t B.

f_uﬂ.. Exercise.
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