
2
8
.
R
a
n
k
&
A
lg
eb
ra
o
f
M
a
trices

D
e
fi
n
itio

n
4
2

Let
A

∈
M

m
n

be
the

m
atrix

of
A

∈
L

(X
,Y

)
w

.r.t.
the

bases
B

X
and

B
Y
.T

he
ra
n
k

of
A

is
the

largest
num

ber
oflinearly

independentcolum
ns

in
A

.

T
h
e
o
r
e
m
5
8

Let
A

,B
,and

C
be

com
parable/conform

al
m

atrices
and

let
α
,β

∈
F
.T

hen

1.
(A

+
B

)C
=

A
C

+
B

C

2.
A

(B
+

C
)

=
A

B
+

A
C

3.
A

(B
C

)
=

(A
B

)C

4.
(α

+
β
)A

=
α
A

+
β
A

5.
α
(A

+
B

)
=

α
A

+
α
B

6.
(α

A
)(β

B
)

=
(α

β
)(A

B
)

7.
A

+
B

=
B

+
A

8.
(A

+
B

)
+

C
=

A
+

(B
+

C
)

In
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L
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A
lg
eb
ra
o
f
M
a
trices

T
h
e
o
r
e
m
5
9

1.
T

he
zero

m
atrix

0
=

[0
ij ]represents

the
zero

transform
0(x

)
=

0
for

every
basis.

2.
T

he
identity

m
atrix

I
=

[δ
ij ]represents

the
identity

transform
I(x

)
=

x
for

every
basis.

3.
T

he
m

atrix
A

is
nonsingular

iffthe
transform

A
is

nonsingular.

4.
If

A
is

nonsingular,then
A

−
1

is
unique.

5.
If

A
n

and
B

n
are

nonsingular,then
(A

B
) −

1
=

B
−

1A
−

1.

6.
ran

k(A
n )

=
n

ifand
only

if
(A

n x
=

0
⇔

x
=

0).

7.
F

or
A

∈
M

n ,set
A

m
=

A
·
A

·····
A

︸
︷︷

︸
m

&
A

−
m

=
(A

−
1)

m
.
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P
a
rtitio

n
ed
V
ecto

rs
&
M
a
trices

P
a
rtitio

n
in
g
a
ve
c
to
r
o
r
m
a
trix

c
a
n
b
e
ve
ry
u
s
e
fu
l
a
n
d
is

n
a
tu
ra
l
in
d
ire
c
t
s
u
m
s
.
E
.g
.,


x

1

x
2

x
3 

,



a
11

a
12

b
11

a
21

a
22

b
21

c
11

c
12

d
11


,

[
A

11
A

12
A

11

A
21

A
22

A
21 ]

T
h
e
o
r
e
m
6
0

Let
P

∈
L

(X
,X

)
be

a
projection

and
d
im

(X
)

=
n
.T

hen
there

is
a

basis
for

X
=

R
(P

)⊕
N

(P
)

s.t.

P
=



1
0

···
0

0
···

0
0

1
···

0
0

···
0

·
·
···

·
·
···

·
0

0
···

1
0

···
0

0
0

···
0

0
···

0
·
·
···

·
·
···

.
0

0
···

0
0

···
0



(G
o
to
T
O
C
)

In
tro
to
L
in
ear

A
lg
eb
ra
M
A
T
5
2
3
0
–
p
.
1
0
2
/1
0
7

2
9
.
S
im
ila
rity

&
E
q
u
iv
a
len
ce

A
b

h
in

c
:
X
a
n
d

Y
a
re
ve
c
to
r
s
p
a
c
e
s
o
ve
r
F
w
ith

d
im

X
=

n
a
n
d

d
im

(Y
)

=
m

.

T
h
e
o
r
e
m
6
1

LetB
X

=
{e

1 ,...,e
n }

be
a

basis
for

X
and

let
P

=
[p

ij ]be
an

n
×

n
m

atrix.
S

et
e
′k

=
∑

j
p
jk e

j .T
hen

B
′X

=
{e

′1 ,...,e
′n }

is
a

basis
for

X
iff

P
is

nonsingular.

P
f.

C
alculation

based
on

the
linear

independence
ofB

X
.

D
e
fi
n
itio

n
4
3

Let
P

be
the

m
atrix

ofT
hm

61,then
P

is
th
e

m
a
trix

o
fB

′X
w
.r.tB

X
.

T
h
e
o
r
e
m
6
2

P
is

the
m

atrix
ofB

′X
w

.r.tB
X

iff
P

−
1

is
the

m
atrix

ofB
X
w
.r.tB

′X
.

P
f.

E
xercise

.
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