Homomor phisms

- .

Definition 1 (Group Homomorphism)  Let {X;+x} and
{Y:+y} betwo groupswithp: X — Y. Thenpis a
homomorpism iff

p(r1 +x 12) = p(x1) +y p(2)

Definition 2 (Ring Homomorphism)  Let {X;+x,-x} and
{Y:+y, v} betworingswith p: X — Y. Then pis a
homomorpism iff

p(r1 +x 12) = p(x1) +y p(2)

p(x1-x x2) = p(z1) v p(x2)

o -
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Vector Space Homomor phism

-

Definition 3 (Linear Transformation) Let X and Y be
vector spaces over the same field F. Then the relation

p: X — Y Is alinear transformation if and only if for every
a € Fand zq, 29 € X, It follows that:

=

(1) p(x1 +x v2) = p(x1) +v p(x2)

(2) pla-x1) =a-p(r1)

o -
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(1)

(2)

L inear Transfor mation

[.Tl, 5172] — T1 + T2
al a
+  pler+a2) =

a, 1]  — Q- T
a a
a-T1) =
[CV p(xl)] - pa 'p(;l)



Subspace of a Vector Space

fDefinition 4 (Subspace) Let X be a vector space over F' and let T
D #V C X. ThenV is a subspace of X iff

1. Vu,veV,wehaveu+veV (closed under addition)

2. Va € F,Vu € V,we have au € V  (closed under scalar mult.)

Theorem 1 A subspace V of a vector space X is a vector space.

Proof. V is closed under vector addition and scalar multiplication by
definition. All remaining vector space properties — with the
exception of 0 € V — are inherited from X.
Letv € V (because V # (). Since 0 € F,then0v=0¢e¢ V. Thus V
IS a vector space. [
LNote. Every vector space has at least 2 subspaces. What are they? J
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