Vector Calculus Functions of Two Variables Multiple Integration Intro to Lebesgue Measure

Proper Stichens

Proposition (Open Sets)

1. IfZ is an indexing set for a family of open sets {O;}, then the set

O = | O; is open. (Arbitrary unions of open sets are open.)
i€T

2. If{O;}i—, is afinite family of open sets, then O = 'ﬂ O; Is open.

=1
(Finite intersections of open sets are open.)
4

1. Let O = (—=z,z) forz € (0,1) =Z. Then

Uoiz? ﬂoq,-:?

WEIL 1€L

v
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Closed to Stichens

Proposition (Closed Sets)

1. IfZ is an indexing set for a family of closed sets { F;;}, then the set

F =) F; is closed. (Arbitrary intersections of closed sets are closed.)
i€

2. If{F;};—, is a finite family of closed sets, then O = LnJ F; is closed.

=1
(Finite unions of closed sets are closed.)
v

1. Let F, = [-1+4 £,1— £] fork € N. Then

ﬂsz? UFk:?

keN keN

2. LetH; = [-1,1— 2] fori =1..n. Then

%

ﬂHi:? UHi:?

1=1 =1

Vv
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Functions of Two Variables

Proper Themes

Theorem (Bolzano-Weierstrass Theorem)

A bounded, infinite subset of R™ has an accumulation point.

Proof.

Lion in the desert. O

Theorem (Heine-Borel Theorem)

A subset of R™ is compact iff it is closed and bounded.

Theorem (Cantor Intersection Theorem)

Let { Fi.} be a sequence of nested (Fr+1 C F}), closed, nonempty sets for
k € N with Fy being bounded. Then

F = ﬁ Ey
k=1

is closed and nonempty.

Functions of Two Variables

CIT

Proof. (Cantor Intersection Theorem).
| If F'is finite for some, then done.
Il. Each F,, is infinite. Define S = (-, F.

1. S'is closed.

2. 2.a

2.b
2.c
2.d

2.e
2.f

Define the sequence A = {a} by choosing distinct points a;, € Fy
for each k. Uses: Fy,’s are infinite.

Since F3 is bounded, the sequence forms a bounded, infinite set.
Therefore A has an accumulation pt a. Bolzano-Weierstrass!

Let r > 0 and set B = B’(a;r). Since a is an acc pt of A, then B
contains co many pts of A. As the Fi’s are nested, B also must
contain co many pts of . Whence a is an acc pt of Fj.

F}, is closed, so a € Fy.
The F}, are nested, so a € (), Fk; i.e., the intersection is nonempty.
L]
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Sample Intersections

1. Define: Fy = [0,1]; Fy = [0, 3] U [3,1] = Fy — (3, 2);
F,=1[0,3]U[2,3]U[3,T]U 8, 1]; &c. Hence

BY2) o op 41
F.= U |3n

LetC =), F. Whence CIT = C is nonempty and closed.

2. Let H,, = [n,00). Then H,, is a sequence of nested, closed sets.
But(,, H, =7

3. Set J,, = (-2, 2£1). Then J, is a sequence of bounded,
nested sets.
But, Jn =7

v
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Disconnection

Connected and Separated Sets
Separated: Two sets A and B are separatediff ANB =0 = AN B.

Connected: A set S is connected iff S is not the union of 2
nonempty, separated sets.

Arcwise conn: Any two points in S are conn by a path inside S.
Disconnected: A set is disconnected iff S is not connected.

Region: A regionis a connected set that may contain boundary
points (may be neither open or closed).

Proposition
1. Disjoint sets are separated if neither contains acc pts of the other.
2. Arcwise connected sets are connected

3. A nonempty, open, connected set is arcwise connected.
MAT 5620: 42
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Interlude

< 0W

z| + |y| =1 vei+y2=1 max(|zl, |y]) = 1

Proposition
The open sets are the same under each of the metrics above.
v
MAT 5620: 43
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Limits and Continuity

Definition (Limit)

e Let f:D — R, and let (a,b) € D' C R?. Then

lim z,y) =L
(w,y)%(a,b)f( )

iff [Ve > 0] [30> 0] [V(z, y) € D], if ||(z, y) — (a, b)|| <4, then | f(z, y) — L)| <e.

e let f:D - R,andleta € D' CR". Then
lim f(7) =
r—ra
iff [Ve > 0] [36 > 0] [VZ € D), if || — a|| < 4, then |f(Z) — L| < e.

e let f:D - R,andleta € D' CR". Then
lim f(Z) =
r—ra

iff [Ve >0] [36 >0], f(D N B'(@;0)) C B(L;e).

v
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Vector Calculus

Functions of Two Variables Multiple Integration

Limiting Examples

Intro to Lebesgue Measure

Let f(z,y) = zsin(1/y) + ysin(1/z). Then

lim  f(z,y) =0

(z,y)—(0,0)
Proof. Let 6(¢) = ¢/2. And

|f(z,y)| < |z| + |yl

Let g(x,y)=arctan(y/z). Then
lim )g(w,y) D.N.E.

(%,y)—(0,0

Proof. Observe that lim;_.¢ g(¢,t) = w/4 and
lim¢—,0 g(—t,t) = —7 /4.

W

Vector Calculus Functions of Two Variables Multiple Integration

Algebra of Limits

Theorem (The Algebra of Limits)

Letf,g:D — Randa e D'. Suppose limz_,; f(z) = Ly and

limz_,z g(f) = Lg. Then
1. lim (7) £ 9(7) = Ly + L,
Tr—a

1@ _ Ly

: — aslongas L, # 0
iva (%) Ly 7

4. lim [f(Z)] = |Ly|
Tr—a

5. if f(Z) (<) g(Z) on some B'(a;r), then Ly < L,
<
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Continuity

Definition (Continuity)
Let f:D — R, and (a,b) € D C R2. Then f is continuous at (a, b) iff
o [Ve>0] [36>0] [V(z,y) € D], if ||(x,y)—(a,b)|| <6, then
|f(z,y) — f(a,b))[<e.
Let f:D — R,and letd € D C R™. Then f is continuous at a iff
o [Ve>0] [F0>0] [VZ € D], if ||£ — al| < 6, then |f(Z) — f(@d)| < e.

e Ve>0] [36>0] f(DnB(@0)) C B(f(a);e).

e [VO C R, open set] f~1(O) C R™is an open set.

Proposition
f is continuous at a iff [V{a,}] ifa, — a, then f(a,) — f(a)
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Algebra of Continuity

Theorem (The Algebra of Continuity)
Let f,g: D — R be continuous ata € D. Then
1. f 4 g is continuous at a
2. f-giscontinuous at a
3. f/g is continuous at a as long as g(a) # 0

4. |f| is continuous at @

Proof.

2. (D C R?) Leta,, — a. Since (fg)(@,) = f(a@,)g(a@,),and f & g are
continuous at @, we have f(a,,) g(a@,) — f(a@)g(@) = (fg)(a). Thus
(f9)(@,) — (fg)(a) for any sequence a,, — d@; hence, fg is

continuous at a. O

(Note: Thm 10.2.9 has problems: g & f can’t be composed as range(f) C R%, but
dom(g) C R2. So range(f) € dom(g). MAT 5620: 48



f:R™ — R is continuous iff
e the preimage of any open set (in R') is open (in R™).
e the preimage of any closed set (in R!) is closed (in R™).

(=) Assume f is cont and S is open in R*.
Let ae f~1(S);i.e. f(@) € S. For some >0, then B(f(a);r)CS.
Whence thereisa ¢ > 0, s.t. f(B(d;0)) C B(f(a);r) C S.
Hence B(a;d) C f~1(9).

(<) Assume f~1(S) is open whenever S is open.

Let@c f~1(S) and € > 0. Thence f~1(B(f(a;e)) is open.

Thus thereis ad > 0 s.t. B(a@;6) C f~1(B(f(a;e)).

Apply f to have f(B(a:4)) C B(f(d;<))-
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Uniform

Definition (Uniform Continuity)

A function f: D — R is uniformly continuous on D iff for any ¢ > 0
thereisa § > 0 s.t. for all #1, %2 € D, if |71 — 2| < 6, then

|f(Z1) — f(@2)] <e.

Theorem

If f is continuous on D, and D is closed & bounded (compact), then
1. f is bounded,
2. f attains extreme values (max and min),
3. f is uniformly continuous on D.

Proof (Homework).

1. Hint: Assume not, then look at f~!(a,) where a,, — .
2. Bolzano-Weierstrass in action.
3. Hint: Assume not. Create sequences %, ¥, that converge to a, but have
|f(Zn) — f(yn)| > . Cont gives a contradiction. O
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Connecting to Rudolph Otto

Theorem

Let f: D — R be continuous and let S be a connected subset of D. Then
f(S) is connected. (A connected set in R is an interval.)

Proof.

Suppose f(S) = AU B with A & B nonempty, separated sets in R.
Define G =Sn f~'(A)and H =SSN f~(B).
1. S=GUH since f:S — f(S5).

onto

2. Letje A (A#0)3TcSst f(@) =7 ThusZ € G — G #0.
Similarly, H # 0.

3. Letfe GNH. Ifje G thenfe GNH. Thenpe f (AN B);ie.,
f(P) e AnB=0. Thus p ¢ G, whence p € G’ and f(p) € B. Since
ANB=0andp e B, 3 > 0s.t. B(f(p);e) N A = (. Since f is cont,
36 > 0s.t. f(B(p;0)) C B(f(p);e). Then B(p;d) NG is empty contrary

to g€ G'. Hence G N H = (). Similarly G N H = (.
4. Whereupon S is separated by G and H. oops —+<— 0

MAT 5620: 52



Functions of Two Variables

Fun with Functions

Problem (Functions)

Let f:R™ — R be a function. Let A and B be subsets of the domain
and range of f, respectively. Then

flA) ={y e R| f(a) =y forsome a € A} C range(f)
f1(B) ={x ¢ R"| f(z) = b for some b ¢ B} C dom(f)

Give an example justifying your answer.

1. TorF: AC f~1(f(4)) 4. TorF:BC f(f~'(B))

2. TorF: A= f1(f(A)) 5. TorF:B=f(f"'(B))

3. TorF: ADf L(f(4)) or 6. TorF:BD f(f*(B)) or
Hf(A) cA f(f1(B) C B
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Rudolph Otto S von L

Definition (Lipschitz Condition)
If there is a constant L s.t.
|f(Z1) — f(Z2)] < L[| — 4|

for all f#1, 75 € D, then f satisfies a Lipschitz condition on D (also
called a “Lipschitz 1” condition).

Proposition
A function that is Lipschitz on D is uniformly continuous on D.

Proof.

Suppose f is Lipschitz with constant L.
Let e > 0. Choose 0 < § < ¢/L. For any vectors Z; and @5 in dom(f)
with ||z — Z2]| < 6, we have

1£(#1) — f(@)| < LT — Za|| < Lo < €

O

MAT 5620: 54



Vector Calculus Functions of Two Variables Multiple Integration Intro to Lebesgue Measure

Exercise

Problem (#14, pg 447)
Consider f:R? — R given by

R

1. Is f continuous in polar coordinates?
Let0 = £n /4, resp., andr — 0. Thenlim, ., .5 f(r,0) = 1/2, but
lim, .45 f(r,0) = —1/2. Thus, f is not continuous at 0 (polar).

2. Write f in rectangular coordinates.

1 §in(26) = cos(6) sin(6) = J 0

X
VR Ay Rt Ay
3. Is f in rectangular coordinates continuous?
Let (z,y) — 0 as (t,t) and as (t,—t). Then f — +1/2 ast — 0. Hence

f is not continuous at 0.

v
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Exercise’s Graph

Ly 2 2
3 sin(260 0 s Tty #0
2@ TEO L ey =P+

,0) =
f(r,0) {0 0 0 24?0
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