Intro to Lebesgue Measure Introduction

Introduction to Lebesgue Measure

Prelude

There were two problems with calculus: there
are functions where

o f(z)# / fl(x)dz (cf, O-G #30)

° 1) # 4| [ 1)

In his 1902 dissertation, “Integrale, long- ueur,
aire,” Lebesgue wrote, “It thus seems to be nat-
ural to search for a definition of the integral
which makes integration the inverse operation
of differentiation in as large a range as possi-
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What’s in a Measure

Goals
THE BEST measure would be a real-valued set function . that satisfies
@ . (I) = length(I) where I is an interval
© . is translation invariant. u(x + E) = u(E) forany x € R
Q if {E,} is pairwise disjoint, then (U, En) = >, u(En)
©Q dom(u) = P(R) (the power set of R)

THE BAD NEWS:

{ continuum hypothesis

) . } — 1, 3, and 4 are incompatible
-+ axiom choice

THE PLAN:

@ Give up on 4. (cf. Vitali)
@ 1. and 2. are nonnegotiable
@ Weaken 3., then reclaim it

v
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Intro to Lebesgue Measure Sigma Algebras

Sigma Algebras

Definition
Sigma Algebra of Sets

Algebra: A collection of sets A is an algebra iff A is closed under unions
and complements.

o-Algebra: An algebra of sets A is a o-algebra iff A is closed under
countable unions.

Proposition

Let A be a nonempty algebra of sets of reals. Then
@ ) andR € A.

@ A is closed under intersection.

Let A be a nonempty o-algebra of sets of reals. Then
@ A is closed under countable intersections.

v
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Sigma Samples

Q A={0,R}
@ F = {F CcR: Fisfinite or F¢is finite}
@ F is an algebra, the co-finite algebra

@ Fis nota o-algebra
Foreachr € Q, the set {r} € F. ButU, o {r} =Q ¢ F

Q LetA={0,[-1,1],(—o00,—1)U(1,00),R}. Is A an algebra?
© Any intersection of o-algebras is a o-algebra

@ Let B(R) be the smallest o-algebra containing all the open sets, the Borel
o-algebra.

v
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QOuter Measure

Definition (Lebesgue Outer Measure)
Let £ C R. Define the Lebesgue Outer Measure p* of E to be

*(E) = inf I,),
w(E) Eélfﬂnng( )

the infimum of the sums of the lengths of open interval covers of E.

Proposition (Monotonicity)
If AC B, then p*(A) < u*(B).

Proposition
If I is an interval, then p*(1) = ¢(1).
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Quter Measure of an Interval

Proof.

l. I is closed and bounded (compact). Then I = [a, b).

@ Foranye >0, [a,b] C (a—e,b+¢). So u*(I) < b— a+ 2. Since ¢ is arbitrary,
pw (I) <b-—a.

@ Let {I,,} cover [a, b] with open intervals. There is a finite subcover for [a, b]. Order
the subcover so that consecutive intervals overlap. Then

> UIy) = (b1 — a1) + (ba —az) + -+ + (b — an)
N
Rearrange
Zé(fk) =by — (an —bn-1) — (aN—1 —bn_2) — - — (a2 — b1) — a1
N
> by —a1 >b—a

Whence p*(I) = b — a.

o
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Outer Measure of an Interval, Il

Proof (cont).
Il. Let I be any bounded interval and € > 0.
@ There is a closed interval J C I so that ¢(I) — e < £(J). Then
UI) —e < (J) = p"(J) < p*(I) < p™(I) = £(I) = €(I)

[ll. Suppose I is infinite.
@ Then for each n, there is a closed interval J C I s.t. 4(J) =n
@ Thence p*(I) > n for all n.

Aha! p*(I) = o0

Proposition
p Q) =0 J
Proof.
OrderQ as {ri,r2,... }. {In = (rn — /2", r, +¢/2")} covers Q O
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Countable Subadditivity

Theorem (™ is Countably Subadditive)

Let{E,} be a countable set sequence inR. Then u* (U En> < Z w(Ey)

Proof.
I If *(Ey) = oo for any n, then done.
Il. Lete >0
@ For each n find a cover {I,.,; }nen such that 3 4(In,;) < p*(En) + =

JEN
@ Then {I,.,;}n jen covers E =, En.

© Whereupon W (E) < Z U(I,;) = Z [ZE(In,j):|

<Y [ E) + o] =D (B +e

neN neN |

v
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Open Holding & Lebesgue’s Measure

Given E CR and e > 0, there is an open setO D E s.t.

pr(B) < p(0) < p(E) +¢

A set I is Lebesgue measurable iff for every (test) set A,
pH(A) = p* (AN B) + p* (AN E°)
Let 2t be the collection of all Lebesgue measurable sets.

Forany A and F,
p(A) =p* (ANE)U(ANE®)) <p*(ANE) + p* (AN E°)

MAT 5620: 9

Much Ado About Nothing

If w*(E) =0, then E € 9M; i.e., E is measurable.

Given the previous corollary, we need only show that
p(ANE) + (AN E°) < p*(A)

@ Since ANE C E,then p*(ANE) < p*(F) =0.
@ Since AN E° C A, then u*(AN E°) < p*(A).

Whence p*(ANE) + p* (AN EC) <0+ p*(A) = p*(A4). ]
—

p' Q=0 = QeMm

MAT 5620: 10
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Unions Work

Theorem

A finite union of measurable sets is measurable.

Proof.
Let £4 and E> € 9. Let A be a test set.

@ Use AN EY as a test set for E5 which is measurable. Thence

p (AN EY) =p (AN E7) N E2) + p((AN EY) N Ey)
@ Note AN (E1UE>) = (AN E1) U (AN EyN EY). Whereupon
p (AN (BLU E2)) + " (AN (B U E2)°)

p (AN (E1U Ey)) + p" (AN (BT N Ey))

< [W(ANE) +p" (AN E;NET)] + p" (AN ET N E3)
P (ANEL) + [u (AN ET N E) + " (AN Ef N ES)]
7]
= LU

IN

(AN Ey) +p (AN EY)
“(4)

D/

Wi wueu. 11
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Countable Unions Work

Theorem

The countable union of measurable sets is measurable.

Proof.

Let £, € M and E = J,, E\,. Choose a test set A.
We need to show p*(ANE) 4+ p* (AN E°) < u*(A).

Q SetF,="Erand F = Ex = E. Define G, = E1, G, = E3 — Fy,
L Gr=E,— """ E;,and G = | G Then
MG NG; =0, i#3) (i)F UGk i) F=G=F
@ Test F, with A to obtain p*(A) = p*(ANF,) + p* (AN ES)
@ Test G,, with AN F,, to obtain

N*(Aan) = N*((Aan) N Gn) +M*((Aan) QGZ)
= N*(AmGn) —I_:LL*(Aan—l)

WIAI Dozu. 12
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Countable Unions Work, Il

Proof.

Q lterate p*(ANFE,) = p*(ANG,) + p* (AN F,_1) from 3 to have
“(ANF,) Z“ (AN Gy)

© Since F,, C F, then F© C F¢ for all n, then
p(ANFD) > p* (AN F°)

©Q Whence -

p(A4) 2 37 W (AN Gy) + (AN F)

k=1
The summation is increasing & bounded, so convergent.

> u(ANGk) ZM(U(AﬂGk)) = u'(ANF)

k=1 k=1
Aha! p*(A) > W (ANF)+ p* (AN F°)

@ However
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Everything Works

Corollary
The collection of Lebesgue measurable sets 9t is a o-algebra.

MAT 5620: 13

13/52

Corollary
The Borel sets are measurable. (There are measurable, non-Borel sets.)
BR) S M S P(R)

Definition (Lebesgue Measure)
Lebesgue measure p is p* restricted to M. So p: M — [0, o).

Definition (Almost Everywhere)

A property P holds almost everywhere (a.e.) iff u({z : =P(z)}) = 0.

WmCB (BauldryWC@appstate.edu) MAT 5620, Analysis Il Fall, 2015
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Intro to Lebesgue Measure

The Return of Additivity

Theorem

Lebesgue Measure

Let{E,} be a countable (finite or infinite) sequence of pairwise disjoint sets in N
Then

() £

k=1

Proof.

l. n is finite.

Q@ Forn=1,v

o (UZ=1 Ek) NnE, = E,and (UZ=1 Ek) NE;, = UZ;; By,

Q u(Uii Ex) = u([UiZ, Be] N En) + /“L([Uk L B N ER)

= (Bn) + p(UrZy Br) = w(Bn) + 3327 1(Ex) = Yoy 1(Ex)

Il. n is infinite.

Q@ Ui BxCUL Br = “(UZ:1 Ek) =2 1 M(ER) < M(UZil Ek)

@ Abnded & incr sum converges. Thus Y72 | u(Ex) < pn(Ure, Ex)
@ Subadditivity finishes the proof.

v
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Adding an Example

Lebesgue Measure

Set E, (nl,n+1)forn—1oo
@ The E, are pairwise disjoint.

(Bn) = U(Ey) = 227 — 252 =

o 1
’u< > n— 1,u nzzzl n(ntl)
Whence M( U En)

S
gt
| — |
3|~
I

7
+,_.
i
—_

NoTA BENE: ) E,=(0,1) — {5,2,3,...}. Hence UE =(0,1) a.e
n=1

v
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Matryoshka

Theorem
If{E,} is a seq of nested, measurable sets with ;i(E1) < oo, then

u(ﬂ En> = lim pu(En)

n=1

Proof.

@ Set E= ) Ei. Set F, = E, — Ex1. The Fy, are pairwise disjoint.

k=1

oo

@ Since | F, = E1—E, then u(E1—E) =Y u(Fr) = w(Ex — Ert1).
k=1 k=1 k=1

@ If AD B, then u(A — B) = u(A) — u(B). Apply to the formula above.

Q u(Er) — WE) = Z #(Br) = i(Brtr) = p(Br) — lim p(Ex)

Since p(En) is finite, we're done. O

v
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The Cantor Set

Cantor Sets’

l. Constructing C

@ SetCo = [0, 1]

@ SetCi =Co— (3, 2)

@ 56102 =01 (3, 3) ~ (&, )

@ Set Co = Ca = (55, 55) = (G5 35) = (38, 38) — (53, %)

e Let C = ﬂ Cs
Il. Properties of C'
Q@ u(Co) =1, u(Cr) =2/3, © C is nowhere dense
u(C2) =4/9, u(Cs) = 8/27 @ C is compact
w(C ): 3M(C’n 1) =% Whence _ .
w(C) = © C is totally disconnected
Q Cis uncountable @ (vi)oc; cC

© C is perfect Q (Vi) 1 ¢0C;,but1 eC

o

wiAL Dozu. 18

1Cantor gave the set in a footnote to show “perfect” ¢ “everywhere dense”.
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Not So Strange After All

Theorem

LetE CR andlete > 0. TFAE:
@ FE is measurable
@ ThereisanopensetO D E s.t. u*(O—FE) <e
© ThereisaclosedsetF C E s.t. y*(E—F) <e

Proposition
Let S andT be measurable subsets of R. Then

p(SUT) +pu(SNT) = pu(S) + u(T)

MAT 5620: 19
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Functionally Measurable

Theorem (Measurability Conditions for Functions)

Let f:D — R, forsome D € 9. TFAE
@ Foreachr € R, the set f~*((r,00)) is measurable.
@ Foreachr € R, the set f~!([r,c0)) is measurable.
© Foreachr € R, the set f~*((—
© Foreachr c R, theset f~1((—

oo, 1)) is measurable.
oo, r]) is measurable.

Proof.
1=2: {z]f(x) 2r} =N {z|f(x) >r—1/n}
2=3 {z|f(z) <r}=D—A{x|f(z) = r}
3= 4 {z| f(x) <r} =N {z|f(x) <r+1/n}
() >} =D —{z| f(z) <} mj

wiar vozu. 20

4=1: {z| f(x
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The Measurably Functional

Corollary
If f satisfies any measurability condition, then {x | f(x) = r} is measurable for each r. J

Definition (Measurable Function)

If a function f: D — R, has measurable domain D and satisfies any of the
measurability conditions, then f is measurable.

Definition

Step function: ¢:[a,b] — R is a step function if there is a partition a = x¢
<z <--- <z, =bs.t ¢is constant on each interval I, = (zx_1,xx), then

$(z) =Y arXy, (@)

Simple function: A function « with range {a1, as, ..., a,} Where each set 1~ *(az) is
measurable is a simple function.

v
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Simply Stepping

Proposition

Step functions and simple functions are measurable

Theorem (Algebra of Measurable Functions)
Let f and g be measurable on a common domain D, and let c € R. Then

Q f+c Q ftyg Qg

Qc s Q

are all measurable. )
Proof.

o Vv ]
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Sequencing

Theorem
Let{f.} be a sequence of measurable functions on a common domain D. Then

0 Sup{fl;---,fn} e sup fn e limsupfn
n— oo n— oo

© inf {f1,.... fn} Q inf f, Q liminf f,
n— oo n—oo

are all measurable.

Proof.
@ Setf={f,...,fu}. Then {f(z) > r} = | J{fx(z) > r}.
@ Set F =sup,, fn. Then {F(z) > r} = G{fk(x) > r}.

@ Set ® = limsup,, f,. Then limsup f,, = inf {sup fk;}
n [k>n

n— o0
U
v
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Zeroing
Theorem
If f is measurable and f = g a.e., then g is measurable. J

Definition (Converence Almost Everywhere)

A sequence {f,} converges to f almost everywhere, written as f, — f a.e., iff

u({z: fal@) 4 F(@)}) = 0.

Theorem

Let f:[a,b] — R. Then f is measurable iff there is a seq. of simple functions {1, }
converging to f a.e.

MAT 5620: 24
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A Simple Proof

Proof.
(=) Wolog f > 0.
@ Define 4, = {z |52 < f(z) < & } for k =1..(n - 2") and

n2"

AOn — [a,b] - U An,k
k=1

n2"

k—1
@ Setyn(z) = nXa,, (@) + )~ - Xa, k(@)
k=1
© Then
Q V1 <<
@ If0< f(z)<n thenlf Yn| <277
© lim,y = fae
(=) Vv n
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Integration

We began by looking at two examples of integration problems.

@ The Riemann integral over [0, 1] of a function with infinitely many
discontinuities didn’t exist even though the points of discontinuity formed
a set of measure zero.
(The points of discontinuity formed a dense set in [0, 1].)

@ The limit of a sequence of Riemann integrable functions did not equal the
integral of the limit function of the sequence.
(Each function had area />, but the limit of the sequence was the zero
function.)
We will look at Riemann integration, then Riemann-Stieltjes integration, and
last, develop the Lebesgue integral.

There are many other types of integrals: Darboux, Denjoy, Gauge, Perron,
etc. See the list given in the “See also” section of /nfegrals on Mathworld.
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WmCB (BauldryWC@appstate.edu) MAT 5620, Analysis Il Fall, 2015 26 /52


BauldryWC@appstate.edu
http://mathworld.wolfram.com/Integral.html
BauldryWC@appstate.edu

Intro to Lebesgue Measure Lebesgue Interation

Riemann Integral

Definition

@ A partition P of [a, b] is a finite set of points such that
P={a=x0<x1< - <Tp_1<z, =Db}.

@ Set M; = sup f(z) on [z;—1,z;]. The upper sum of f on [a,b] w.r.t. P is

UP,f)=>_ M- Az

@ The upper Riemann integral of f over [a, b] is

/a f(w) dz = inf U(P, f)

Exercise
@ Define the lower sum L(P, f) and the lower integral [’ f. J

MAT 5620: 27
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Definitely a Riemann Integral

Definition

If f:ff(a:) dx = [2f(z)dz, then f is Riemann integrable and is written as f;’ f(x)dz
and f € % on [a, b].

Proposition

A function f is Riemann integrable on [a, b] if and only if for every ¢ > 0 there is a
partition P of [a, b] such that

UP,f)—L(P, f) <e

Theorem
If f is continuous on [a, b, then f € R on [a, b].

Theorem

If f is bounded on [a, blwith only finitely many points of discontinuity, then f € R on
[a, b].

v
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Properties of Riemann Integrals

Proposition
Let f and g € R on [a,b] and ¢ € R. Then

° f:cfd:cch;fda:

o [{f+g)do— [l fdo+ [Pgds

@ f-geR

@ iff <y, thenf:fdx < ffgdx

o |/ ] sfflfldw

@ Define F(x) = [ f(t)dt. Then F is continuous and, if f is continuous at
xo, then F/( ) f(xo)

o IfF' = f on[a,b), then [’ f(x)dx = F(b) — F(a)

v
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Riemann Integrated Exercises

Exercises
Q If[*|f(x)|dx =0, then f = 0.
Q@ Show why fol xo(z) dx does not exist.
© Define

n+1
) =3 (5 K@) @)

k=1

©@ How many discontinuities does S,, have?
@ Prove that S,, (x) =0a.e.

@ Calculate [ Sn(z)da.
QO Whatis Ss. ?
@ Does [, Sw(z) dx exist?

(See an an/mated graph of Sx'.)

v
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Riemann-Stieltjes Integral

Definition
@ Let a(x) be a monotonically increasing function on [a, b]. Set
Aa; = a(z;) — a(x;—1).
@ Set M; =sup f(z) on [x;_1,x;]. The upper sum of f on [a,b] w.r.t. « and
P is
UP, f,a)= Z M; - A

@ The upper Riemann-Stieltjes integral of f over [a,b] w.r.t. « is
b

/ f(x)da(x) = i%f U(P, f,«)

Exercise

@ Define the lower sum L(P, f,«) and lower integral [? fda.

v
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Definitely a Riemann-Stieltjes Integral

Definition
If f_bfd = f(ff da, then f is Riemann-Stieltjes integrable and is written as
f f(x xz)and f € R(«) on [a, b].

Proposition

A function f is Riemann-Stieltjes integrable w.r.t. o on [a, b] iff for every e > 0 there is a
partition P of [a, b] such that

U(P,f,a)—L(P,f,a) <€

Theorem
If f is continuous on [a, b, then f € R(«) on |a, b).

Theorem

If f is bounded on [a, blwith only finitely many points of discontinuity and « is
continuous at each of f’s discontinuities, then f € R(«) on [a, b).

o
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Properties of Riemann-Stieltjes Integrals

Proposition

Let f and g € RR(«) and in 8 on [a,b] and ¢ € R. Then
° f;cfdoz:cf;fdoz and f:fd(ca) :cf;fdoz
° f;(f—i—g)da = f;fda—i—f;gdoz and

2 fdla+B) = [ fda+ [ fdp
@ f-geR(w)

0 iff <g,then [° fda < [’ gda
b b
° ‘fafdoz‘ < [, |f] dex
@ Suppose that o/ € R and f is bounded. Then f € R(«a) iff fa' € R and

/abfda:/abf-a’dx
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Riemann-Stieltjes Integrals and Series

Proposition

If f is continuous at ¢ € (a,b) and a(z) =r fora < x < c and a(x) = s for
c<x <b,then

Proposition
Let o = | x|, the greatest integer function. If f is continuous on [0, b, then

b Lo]
/ f@)dlz) =Y £(k)
0 k=1

v
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Riemann-Stieltjes Integrated Exercises

Exercises

o folwdxz Q /! cudla]
Q@ J/? cos(x) dsin(x) Q@ [°7, e d|z]
Q@ i wdx— |z)) Q /! evdlx]

@ Set H to be the Heaviside function; i.e.,

H(m){o <0

1 otherwise

Show that, if f is continuous at 0, then

+oo
/ f(z) dH (z) = £(0).

— 00

v
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Lebesgue Integral

We start with simple functions.

Definition
A function has finite support if it vanishes outside a finite interval.

Definition
Let ¢ be a measurable simple function with finite support. If

Z aix ,(z) is a representation of ¢, then

/(b(x)dazziai-u(/l

Definition

If £ is a measurable set, then / O = /(b “XE-
E
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Integral Linearity

Proposition
If ¢ and i) are measurable simple functions with finite support and a,b € R,

then /(agb + ) = a/gb + b/w. Further,
ifo <y a.e., then/gb §/¢.

Proof (sketch).

N M
l.Let¢ =) aixa, and ¢ =Y Bixp,. Then show a¢ + by can be written as
K

ap + by = Z(aaki + bBk, ) xE, for the properly chosen Ej. Set Ay and By to
be zero sets of ¢ and . (Take
(By:k=0.K}={A;NBy:j=0.N,k=0.M})

Il. Use the definition to show [« — [¢ = [( —¢) > [0=0. O
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Steps to the Lebesgue Integral

Proposition
Let f be bounded on E € M with u(E) < oo. Then f is measurable iff

inf = su
f<¢/E v fZg/E ¢

for all simple functions ¢ and ).

Proof.
I. Suppose f is bounded by M. Define

o

Ek:{x:EM<f(x)§ }, —n<k<n
n

n

The Ej are measurable, disjoint, and have union E. Set

Yn(e) = oS kxm (@), fule) = o Sk~ 1) x5, (@)
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SLI (cont)

(proof cont).
Then ¢, (z) < f(x) < +(z), and so

. M &
° mf/Ews[Ewn:;k;ku(Ek)

oo o= [0,=Y i(k—wwk)

Thus 0 < inf [, ¢ —sup [, ¢ < 2 u(E). Since n is arbitrary, equality holds.

Il. Suppose that inf [, ¢ = sup [, ¢. Choose ¢,, and ¢, so that ¢,, < f < ¥,
and [ (¢, — ¢n) < % The functions ¢* = inf ¢,, and ¢* = sup ¢,, are
measurable and ¢* < f < ¢*. The set A = {z : ¢*(x) < ¢¥*(x)} has measure
0. Thus ¢* = ¢* almost everywhere, so ¢* = f a.e. Hence f is

measurable. O

v
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Example Steps

O =lx - 4sinlx
Foy=1x - dsinlx
M=
5 foolors 1] <1 —+
Hknx)= M : | /
U i /
m— M < =
7T ™\ (nx)=|5 2 keH{knx
/ N ~
/ N\ Y M
P =5 2 k-11H(kn)
/ \‘ k=tn —
. /
\ /
7 -
\
3 312 214 116 0.8 0 0f8 16 2 32 4
\
- X A
/ \
/ \
7 LY 7
N\ /
\\ /
\___//
//
-+
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Defining the Lebesgue Integral

Definition
If fis a bounded measurable function on a measurable set E with m(FE) < oo,

then
:. f
o= [ v

for all simple functions ¢ > f.

Proposition

Let f be a bounded function defined on E = [a,b]. If f is Riemann integrable
on [a, b], then f is measurable on [a,b] and

/Efz/abf(x)dx;

the Riemann integral of f equals the Lebesgue integral of f.

v
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Properties of the Lebesgue Integral

Proposition
If f and g are measurable on E, a set of finite measure, then

o [r+sn=af 48[

oiff:ga.e.,then/fz/g
E E
oiffgga.e.,then/fg/g

E E

[al=< [

o ifa< f<b thena-u(E)S/Ebe-u(E)

@ fANDB =1, then fz/f+/f
AUB A B

v
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Lebesgue Integral Examples

>
—
N
I
ﬁ
=
&
o

1 r=28c¢ Q
o (z) {0 otherwise }
1 z€Q / /1
Let _ . Then dz.
Q Lot xo(z) {0 otherwise} [0’1]X@ # ; xo(z)dx
©Q Define
n+1 E—1 n
) =3 (T 'X[%%m(”?)) e )
Then

@ /f. is a step function, hence integrable
Q fi(x)=0ae.

1 ! 3
(3] ZS fn = fn(x)da:<§
[0,1] 0
.
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Extending the Integral Definition

Definition
Let f be a nonnegative measurable function defined on a measurable set E.
Define
/ f= sup/ h
E h<fJE

where h is a bounded measurable function with finite support.

Proposition

If f and g are nonnegative measurable functions, then

O/ECfZC/EffOFC>O
°/Ef+9=/Ef+/Eg

° Iffgga.e.,then/fg/g
E E

v
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General Lebesgue’s Integral

Definition

Set fT(z) = max{f(z),0} and f~ (x) = max{—f(z),0}. Then f = f* — f~ and
|fl = fT + f~. A measurable function f is integrable over E iff both f™ and f~ are

integrable over E, and then/ f:/ f*—/ .
E E E

Proposition
Let f and g be integrable over E and let c € R. Then

@ [cr=c|
G/Ef+g=/Ef+/JEg

Q iffgga.e.,then/ fg/g
E E
©Q if A, B are disjoint m’ble subsets of E, f= / f+ / f
A B

AUB
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Convergence Theorems

Theorem (Bounded Convergence Theorem)

Let{f. : E — R} be a sequence of measurable functions converging to f with
m(FE) < oo. If there is a uniform bound M for all f,, then

/ lim f,, =lim [ f,
E

n n E

Proof (sketch).
Lete > 0.

@ /. converges “almost uniformly;” i.e., 34, N s.t. m(A) < ﬁ and, forn > N,
_ - _ <
PEB-A = |fa(e) = J@) < 5

/Efn—/Ef‘z /Efn—f‘S/EUn—fI:(/EA+/A>|fn—f|

@ [ 1r—fl+ [ Il 41112 s miB) +2M - =

€

O
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Lebesgue’s Dominated Convergence Theorem

Theorem (Dominated Convergence Theorem)

Let{f. : E — R} be a sequence of measurable functions converging a.e. on E with
m(FE) < oo. If there is an integrable function g on E such that |f,| < g then

/ lim f,, = lim [ f,
E

n n E

Lemma

Under the conditions of the DCT, set g,, = sup {fn, fn+1,...} and
k>n
hn = kigf {fn, fnt1,...}. Then g, and h,, are integrable andlim g,, = f = lim h,, a.e.

Proof of DCT (sketch).
@ Both g,, and h,, are monotone and converging. Apply MCT.

o hnéfnggn — fEhnngfnéngn

O

v
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Increasing the Convergence

Theorem (Fatou’'s Lemma)

If{f.} is a sequence of measurable functions converging to f a.e. on E, then

/ lim f, <lim inf/ fn
E " n E

Theorem (Monotone Convergence Theorem)

If{f.} is an increasing sequence of nonnegative measurable functions converging to

f, then
/limfn = lim/fn

Corollary (Zeppo Levi Theorem (cf.))

If{fn} is a sequence of nonnegative measurable functions, then

/gfnzg/fn

v
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Sidebar: Littlewood’s Three Principles

John Edensor Littlewood said,

The extent of knowledge required is nothing so great as sometimes
supposed. There are three principles, roughly expressible in the
following terms:

@ every measurable set is nearly a finite union of intervals;

@ every measurable function is nearly continuous;

@ every convergent sequence of measurable functions is nearly
uniformly convergent.

Most of the results of analysis are fairly intuitive applications of these
ideas.

From Lectures on the Theory of Functions, Oxford, 1944, p. 26.
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Extensions of Convergence

The sequence f, convergesto f ...

Definition (Convergence Almost Everywhere)
almost everywhere it m({x : fn(x) » f(z)}) = 0.

Definition (Convergence Almost Uniformly)

almost uniformly on FE if, for any e > 0, there is a set A C E with m(A) < e so that f,
converges uniformly on £ — A.

Definition (Convergence in Measure)

in measure if, for any € > 0, lim m ({x : |fn(z) — f(x)| > €})=0.
n— o0

Definition (Convergence in Mean (of order p > 1))

1/p
inmeanif lim | fn, — f[l, = lim l/ |f_fn|p:| =0
n— oo n— 0o E

v
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Integrated Exercises

Exercises
@ Prove: If f is integrable on E, then |f| is integrable on E.

L=< [

@ True or False: If | f| is integrable over E, then f is integrable over E.
©Q Let f be integrable over E. For any ¢ > 0, there is a simple (resp. step)

function ¢ (resp. 1) such that / If — o] <e.
E

@ Prove: If f is integrable over E, then

©Q Forn=Fk+2",0<k <2 define f, = Xk2-v,(k+1)2--
@ Show that f,, does not converge for any x € |0, 1].
@ Show that f,, does not converge a.e. on |0, 1].
© Show that f, does not converge almost uniformly on [0, 1].
@ Show that f,, — 0 in measure.
© Show that f,, — 0 in mean (of order 2).
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