Green’s Theorem

This theorem is a form of the Fundamental Theorem of Calculus applied to vector fields in the plane.
George Green (1793-1841) discovered the theorem in 1828 and published it privately; Mikhail Ostrograd-
ski (1801-1861) discovered it independently three years later. The theorem was virtually unknown until
Lord Kelvin [William Thomson (1824-1907)] found Green'’s paper in 1846 and spread it widely. Green’s
Theorem led to the Curl Theorem and Stokes’ Theorem (actually discovered by Lord Kelvin around 1850)
which is needed in the development of Maxwell’s Equations. Stokes’ Theorem in turn led to the general-
ized Fundamental Theorem of Calculus. The 4-dimensional Fundamental Theorem is needed for space-time
computations and Einstein’s General Theory of Relativity.

Theorem 1 (Green’s Theorem)Let D be a bounded region iR? with boundarydD oriented positively
and F(z,y) = [P(z,y),Q(z,y)] be a vector field orD. Then
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Corollary 2 Let D be aregion inR?. Then

1
Area(D) = 27{ xdy —ydx
oD

which, in vector form, is

Problems
1. Apply Green’s Thm. to the region inside the square with verfigds +1) with F= [22 4+, 22+ 2y].

2. Apply Green’s Theorem t®, the region inside the square with verti¢esl, +1) and outside the unit
circle, with F' = [22 + y, 2z + 2y].

3. Describe what happens in Green’s Theorem if the vector fidkiconservativeover D?

4. Calculate the area enclosed by the unit circle using the parametrizafios: [cos(t),sin(t)] for
t=0..2m.

5. Discuss the relation of Green’s Theorem to fihex andCirculation integrals

Green’s Theorem is a special case (2-dimensional) of the Curl Theorem which itself is a special case of
Stokes’ Theorem. (In the languagedifferential forms these theorems are g}, w = [, d(w).)

Theorem 3 (Curl Theorem) Let S be a surface ifR3 acted on by a vector fiel. Then

/ F.df = // curl(F) - dS
os s
wherecurl(F) =V x F.

Recall that forF' = [P(z.y.2), Q(x.y.2), R(z.y.2)], we have
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People

Mikhail Ostrogradski William Thomson, Lord Kelvin ~ Sir George Gabriel Stokes
(1801-1861) (1824-1907) (1819-1903)

CHALLENGE: Find a picture of George Green.

Application: Planimeter
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A planimeteris an instrument that calculates an area by tracing the outline of a region in an architectural
drawing.

6. Describe how Green’s Theorem is used by a planimeter.



