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Double Integrals

Theorem (11.5 Iterated Integrals)

Let f be bounded and integrable on S =
A(y) = fab f(x, y) dx exist for each fixed y. Assume fcd A(y) dy exists. Then

//Sfdxdy=/cd [/abf(x,y)dx] dy

[a, b] X [c, d]. Assume the integrals
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Multiple Integrals

Theorem (11.6 Integrability of Continuous Functions - Fubini)
If f : § > R s continuous on S = [a, b] X [c, d], then f is integrable on S.

" //SfdA=/Cd [/abf(x,y>dx]dy=/ab [/Cdﬂx,y)dy]dx

Definition (Content Zero)

A bounded set A has content zero iff A can be covered by a set of rectangles
with total area < ¢.

Theorem (11.7 Integrability of Almost Continuous Functions)

If f : S > Ris bounded on S = [a, b] X [c, d] and continuous on S except on
a set on content zero, then /fs f dA exists.

y
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http://www-history.mcs.st-and.ac.uk/Biographies/Fubini.html

Multiple Integrals
Definition (Integrals over Nonrectangular Regions)

Let S be a bounded region enclosed in a rectangle R. Let f : § — R be
bounded. Extend to f to R by

- _Jf(xy) xe€S§
f(x’y)"{o XxER-S
Define
‘//SfdAz‘//RfdA )
Theorem

The graph {(t, ¢(t))} of a continuous function ¢ has content zero.

Theorem (11.9 Nonrectangular Regions)

Let f : S — R be continuous on S = {a <x<band ¢;(x) <y < ¢2(x)}.

Ther J[raa=[ ' [ /¢ i()) fx y)dy] dx
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Multiple Integrals

Examples

1 X
1. / / B-x-y)dydx
0o Jo

(Do 2 ways)

1 pl
2. / / dxdy
0 Jvy

(Do 2 ways)

1 X o
3. / / sin(x) dy dx
0o Jo X

(Try to do 2 ways)

4.

5.

6.

/3 sec(t)
/ / 3 cos(t) du dt
-n/3 JO

3ydxdy

-/0' [\/ 1-y2

Find the volume of the region
that lies under the paraboloid
z = x*> + y? and above the
triangle enclosed by the lines
x=0,y=x,andx+y=2
in the xy-plane.
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§11.19 Green’s Theorem in the Plane

Theorem (Green’s Theorem [v1.0])

Let P & Q be scalar fields continuously differentiable on an open set S C R?
that contains a piecewise-smooth Jordan curve C and R, the interior of C.

Then
}{de+Qdy "//[a—Q—a—P]dd
'%Qdy // dxdy and dex——/ Z—dedy
R

Note

Example (Planimeter)

Area(R) = '?i(—%y)dx+(%x)dy = //RdA

> Vi gl P
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http://mathsci2.appstate.edu/~wmcb/Class/5620/ClassNotes171/GreensThm.pdf
https://en.wikipedia.org/wiki/Planimeter
https://acme.com/planimeter/
http://www.criticaltool.com/sokkia-planix-7-digital-planimeter?gdffi=1966c90999b544b7b4dee8376ab0fa30&gdfms=990BB78BE4334DC4BF1DEB333ED1FD66&gclid=CM-Isqiy6tICFY-FswodmtoGBA
http://empublic.dcs.warwick.ac.uk/projects/planimeterCare2004/Docs/report.pdf
http://persweb.wabash.edu/facstaff/footer/Papers/Foote.Sandifer.Reprint.pdf

Green’s Theorem - Simplified Proof

Proof. [One direction of a special case.]

Suppose R is an “x-simple” region and let C = JR; i.e., for some continuous
¢1 & ¢, wehave RUC = {(a <x<bA(P(x)<y< q’)z(x))}. Then

b b
éPw=sz¢M»u1£Pmmme ()

By the FToC

$2(x)
/—dA // 8—dedx
a Joixy 9y
b b
=/'mnmu»w—/'mx@u»m @

Combine (1) and (2) to get

‘7{de— / —dA
O

V.
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http://mathsci2.appstate.edu/~wmcb/Class/5620/ClassNotes171/GT.pdf

Green’s Theorem - Example

Example

Find the area of the unit circle using Green’s Theorem.
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» Green’s Thm & Friends » Thm of the Day
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