1 Theoretical Calculus
1.1 Limits

Definition 1 (Accumulation Point) Let D C R. A pointa € R is anaccumulation point o iff every open interval
containinga also contains a point € D with x # a.

Definition 2. Let f : D — R anda be an accumulation point dP. Then
lim f(z) = L
iff for everye > 0 there is @ > 0 such that whenever € D and0 < |z — a| < 4, then|f(z) — L| < e.
Theorem 1(Algebra of Limits) Suppose thaf, g : D — R both have finite limits at = a € D andc € R. Then
e limc f(z) =clim f(x)
z—a T—a

e lim f(z)  g(x) = lim f(z) + lim g()

r—a r—a

o lim f(z) g(x) = lim f(z) - lim g(x)

r—a r—a

lim f(x)
o . flx) o
o if lim g(z 0, thenlim = —
2, 9(0) 70, e o) = T g(a)

Theorem 2 (“Sandwich” Theorem) Suppose thay(z) < f(z) < h(z) forall z € (a — h,a + h) for someh > 0. If
lim g(z) = L = lim h(z), thenlim f(z) = L.

r—a

1.2 Continuity

Definition 3. Letf : D — R anda be an accumulation point dd. Thenf is continuous at = « iff for everye > 0 there
isad > 0 such that whenever € D and|z — a| < 4, then|f(x) — f(a)| < e.

Theorem 3. Every real polynomial is continuous at evere R.
Theorem 4 (Algebra of Continuity) Suppose thaf, g : D — R both are continuous at = a € D and thatc € R. Then
e cf is continuous at

e [+ giscontinuous at
e f-giscontinuous at

e if g(a) # 0, thenf /g is continuous at

Theorem 5 (Continuity of Composition) Let f : A — R andg : B — R. Suppose thaf is continuous att = a € A,
that g is continuous at: = f(a) € B, and thatf(A) C B. Theng o f is continuous at: = a.

Theorem 6. If a function f is continuous at: and ¢ is a function such thattin? ¢(t) = a, then
—10

Jim £ (0(0) = 1 (i o))
Theorem 7. If a function f is continuous on a closed, finite interjal ], thenf is bounded orfa, b].

Theorem 8(Intermediate Value Theorem)f f : [a,b] — R is continuous and ik is betweenf(a) and f(b), then there
existsc € (a,b) such thatf(c) = k.

Corollary 9. Every odd degree real polynomial has a real root.
Theorem 10(Extreme Value Theorem)f f : [a,b] — R is continuous, then

1. there exists:,, € [a, b] such thatf(x.,,) = m[inb] f(x)
xre|a,

2. there exists:y; € [a,b] such thatf(zy) = m{a;i] f(z)
x€|a,

Definition 4 (Uniform Continuity) A functionf : D — R is uniformly continuouson D iff for everye > 0 there is a
§ > 0 such that whenever;, zo € D and|z; — x| < 6, then|f(x1) — f(x2)| < €.

Theorem 11. If f is continuous ona, b], then f is uniformly continuous ofu, b].
1



1.3 The Derivative

Definition 5. Let f : D — R anda € D be an accumulation point. Then

f(z) = f(a)

f'(a) = lim
T—a T —a
e+~
h—0 h

Theorem 12. If f is differentiable at: = a, then f is continuous at: = a.

Theorem 13(Algebra of Derivatives) If f, g : D — R are differentiable atr = ¢ andc € R, then atx = a,
o (cf) =c(f)
o (f+g)=[f+4
o (f-9)=[-9+fd

e if g'(a) # 0, then (f) szgl
9 g

Theorem 14(The Chain Rule) Let f : A — B andg : B — R. Suppose thaf is differentiable atr = a« € A and thatg
is differentiable att = b = f(a) € B. Theng o f is differentiable at: = a and

(g0 f)(a) =g (f(a))- f'(a)

Corollary 15. Letu be a differentiable function af andr € R. Then, when defined,

() =ru=t-
(") =e*-u'
1
In(u) = — -
u
sin(u)’ = cos(u) - v’ cos(u) = —sin(u) - v’
tan(u)’ = sec?(u) - u’ cot(u) = —csc?(u) - v’
sec(u)’ = sec(u) tan(u) - v’ csc(u) = — csc(u) cot(u) - v
1 —1
s —1 ! / -1 / l
sin” " (u) = U cos™ ' (u) = U
(u) T_ = (u) T
tan~! I _ / t—1 r_ /
an~ " (u) T cot™* (u) 2 Y
sec™(u) = ! csc_lu’:_il-u’
|u|vu? —1 lu|vu? —1

Theorem 16(Inverse Function Theorem).et f : [a, b] — R be differentiable withf’(z) # 0 for anyx € [a,b]. Then
e fisinjective (1)
e f~!is continuous orf([a,b])

o f~!is differentiable onf([a, b])

1
e (f7Y(y) = —— wherey = f(z
(7)) = 5y Wherey = /()
Theorem 17. Suppose thaf : [a,b] — R has an extremum ate (a,b). If f is differentiable at € (a, b), thenf’(c) = 0.

Theorem 18(Rolle’s Theorem) If f : D — R is continuous ota, b] C D and differentiable orfa, b) with f(a) = f(b),
then there exists a valuec (a, b) such thatf’(c) = 0.

Theorem 19(Mean Value Theorem)If f : D — R is continuous ona, b] and differentiable orfa, b), then there exists a
valuec € (a,b) such that



Corollary 20. If f : D — R is continuous orja, b] and differentiable or{a, b), then there exists a value (0,1) such
that
fla+h)=f(a)+h- f'(a+06h).

Corollary 21. If f: D — R is continuous ota, b], differentiable on(a, b), and f’(x) = 0, then f is a constant function.

Corollary 22. If f,g : D — R are continuous otja, b], differentiable on(a, b), and f'(x) = ¢’(z) on D, then f(x) =
g(x) + k on D wherek is a constant.

Corollary 23. If f : D — R is differentiable oria, b], then f” has thelntermediate Value Property

Theorem 24(Cauchy’s Mean Value Theoremlf f, ¢ : D — R are continuous offu, b] and differentiable orfa, b), then
there exists a value € (a, b) such that

or, when denominators are non-zero,

f0) = fla) _ f'(e)

g(b) —g(a)  g'(c)
Definition 6 (Uniform Differentiability). Let f : [a,b] — R. Thenf is uniformly differentiable orfa, b] iff f is differen-
tiable on[a, b] and, for everye > 0, there exists & > 0 such that whenever;, z2 € [a,b] with |21 — 22| < 4, it must

follow that

Tl — T2

— fli(z)| < e

Corollary 25. If f: D — R is uniformly differentiable otfa, b], then f” is continuous orja, b].
Definition 7 (Lipschitz Condition) Let f : D — R. If there are positive constanf&/ and« such that for any:y, x5 € D
[f(x1) = f(@2)] < M - |y — 2o
thenf is Lipschitz« with constantM, written f € Lip,, «.
Theorem 26. If f € Lip,; a on D, then
1. fis continuous,
2. ifa > 1, fis constant,
Corollary 27. If f : [a,b] — Ris differentiable, therf € Lip,, 1.
Theorem 28(Rademacher’s Theorem)f f € Lip,, 1, thenf is differentiablealmost everywhere.
Definition 8 (Higher Order Derivatives) Thenth derivative off(z), if it exists, is given by (™ (z) = %f“"—l)(x) for
n > 1wheref(® = f.

Theorem 29. Let f : D — R bem times continuously differentiable. Thgrhasa root of multiplicity m atx = r iff
Fom(r) # 0, but
fry=f'@r)=--=f""V(r)=0

Theorem 30(Taylor's Theorem or Extended Law of the Meaetn € N and suppose thaft hasn + 1 derivatives on
(a — h,a + h) for someh > 0. Then forz € (a — h,a + h)

") (g
@) =3 9 o) 4 Ry(2)

k!
k=0

where

for somec betweenr anda.



Theorem 31(L'H 6pital’s Rule) Suppose thaf and g are differentiable on an open intervélcontaininga, and that

lim f(z) =0 = lim g(z)

r—a Tr—a

while ¢’(z) # 0 on I. Then, if the limit exists,

S @)
2 g(e) o gl

Corollary 32. Letn € N. Then

hm © —0 and lim &)

r—oo el r—00 /T

=0

Corollary 33. If f is twice differentiable on an open intervAbndz € I, then

fo @ h) = 26(@) + fw— )

h—0 h?

f(x) =

1.4 Riemann Integration



