Types of Convergence

Let [a,b] C R be such thain ([a,b]) < oo. Let{f,} be a sequence of real-valued functions that is finite almost
everywhere offa, b].
Pointwise

The sequencéf, } converges pointwis® f on [a, b] if, for everyz € [a, b], lim,, f,,(x)

= f(x); i.e, for everye > 0
andz € [a,b], there is am* = n*(e, x) > 0, such that ifr > n*, then|f,(z) — f(z)] <e.

Uniform

The sequencéf,, } converges uniformlyo f on [a, b] if, for everye > 0, there is am* = n*(e) > 0, such that for
anyz € [a,b] andn > n*, then|f,(z) — f(z)| < e

Almost Everywhere

The sequencd f,,} converges almost everywhet@ f on [a,b] if f, converges pointwise tg on [a,b] \ E and
m(E) =0.

Almost Uniform

The sequencéf, } converges almost uniformtg f on|a, ] if, for any e > 0 there is a seE C [a, b] with m(E) < €

and f,, converges uniformly tgf on[a, b] \ E.

In Measure

The sequencéf,, } converges in measute f on[a, b] if, for any e > 0,

limm ({ & [a,0] : [fo(2) = f(2)] > €}) =0

In Mean

The sequencéf,,} converges in meato f on [a, b] if

lim/[ ) |fn(z) = f(z)|dz =0

n

Problems
Find the limit f and determine what type of convergence is possible.
1. Letf,(x) =2z on[0,1]forn=0,1,2,....

2. Letfi = X011, f2 = X[0,1/2), f3 = X[1/2,1) f4 = X(0,1/4), f5 = X[1/4,1/2)s fo = X[1/2,3/4)s f7 = X[3/4,1)» @and
so forth.

3. Letf, beevenf,(z) =0forz > 1, and, for0 <z < 1, definef,(z) = n-(1—nz). (Who was Paul Dirac?)
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Create examples or counterexamples for each of the following statements. Ass(imé]) < oo and f,, is real-
valued and finite almost everywhere.

5. f, converges almost everwhere if and only’if converges in measure.
6. f, converges almost everwhere if and onlyif converges in mean.

7. f, converges almost uniformly if and only ff, converges in mean.
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A Nonsequiter

PrRoOPOSITION A monotone function can only have jump discontinuities.
PrROOF. WOLOGAssumef is increasing. Let:* be an interior point oflom(f). Let {z,} be a strictly monotone
increasing sequence convergingito  (Justify each of the following steps.)

1. Then{f(z,)} is monotone increasing and bounded.
2. Hence{f(z,)} has a limit,L_.

3. Suppose;,, < z < z*. Then there exist am > n such thatc < z,, < z*. Whence, we have

f(@n) < flx) < f(zm) < L.
4. Thusxli/rg* flx)=L_.

5. Analogously, li\m* flz)= L.

6. If L_ = L, thenz* is a point of continuity off, otherwiseL _ < L,,andf hasajumpofl, — L_ atx*.



